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COUNTING CURVES IN HYPERBOLIC SURFACES 

VIVEKA ERLANDSSON AND JUAN SOUTO 


Abstract. Let E be a hyperbolic surface. We study the set of curves 
on E of a given type, i.e. in the mapping class group orbit of some fixed 
but otherwise arbitrary 70 . For example, in the particular case that E 
is a once-punctured torus, we prove that the cardinality of the set of 
curves of type 70 and of at most length L is asymptotic to times a 
constant. 


1 . 


Throughout this paper we let S be a complete hyperbolic surface of finite 
area, with genus g and r punctures, and distinct from a thrice punctured 
sphere. By an immersed multicurve, or simply multicurve, in S we will 
mean an immersed compact 1-dimensional submanifold of S each of whose 
components represents (the conjugacy class of) a primitive non-peripheral 
element in 7ri(S). Two multicurves 7,7^ are of the same type if they belong 
to the same mapping class orbit, meaning that there is a diffeomorphism 
(/> of S such that 7 and 4 >{'y') are isotopic as immersed submanifolds. In 
general, isotopic geodesics are considered to be equivalent. For instance, 
every multicurve 7 is isotopic to a geodesic multicurve and the length (7) 
is the length of the latter. 

In this paper we study the set S-yg = Map(S) • 70 of (isotopy classes of) 
multicurves of some given type 70. More precisely, we are interested in the 
behavior, when L tends to inhnity, of the number |{7 G < L}\ 

of multicurves in S of type 70 and of at most length L. Since this number 
grows coarsely like a polynomial of degree 65 — 6 -|- 2r (see [ 18 ] for the case 
that 7o is simple and [201 ED or Corollary | 3 . 6 | below for the general case), 
the perhaps most grappling question is whether the limit 

(1,1) lim 

^ ^ L^oo 2,6g-6-H2r 

exists. Our main result is that it does if S is a once-punctured torus: 

Theorem 1.1. LetT, be a complete hyperbolic surface of finite volume home- 
omorphic to a once punctured torus and let 70 C S 6e a multicurve. The 


limit (1.1) exists and moreover we have 

I{7 e 5^01^2(7) < L }\ 


lim 

L —^CXD 


L2 


= Cy, • /rThu({A G au:(s)|£s(a) < 1}) 
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where /iThu is the Thurston measure on the spaee of measured laminations 
Jv[C{Tj) and > 0 depends only on 70. 


In the case of simple multicurves Theorem o is due to McShane-Rivin 
m- Also, for simple multicurves, Mirzakhani m proved that the limit 
( 1 . 1 ) exists for all g and r. Building on the work of Mirzakhani, Rivin 
m established the existence of the limit ( |1.1[ ) for multicurves with a single 
self-intersection. 


Remark. Recently, and independently of our work, Mirzakhani m has es¬ 
tablished the existence of ( 1 . 1 ) in complete generality. Her argument and 
ours are different in nature and in some sense complementary. See the re¬ 
marks following the statement of Corollary | 4 . 4 | in this introduction for more 
on the relation between Mirzakhani’s result and ours. 


Still in the setting of simple multicurves, the case of the torus is much 
more treatable than the general one because any two simple multicurves 
in the torus are of the same type as long as they have the same number 
of components. This means that, in the case of the torus, counting simple 
multicurves of some fixed type basically reduces to counting all simple mul¬ 
ticurves, a much simpler problem. In fact, if S is an arbitrary hyperbolic 
surface of finite area with genus g and r punctures, if S is the set of all 
multicurves in S, and if we set 

cs = /JThu({'^ £ -Ad£(S)|l's(A) < 1 }) 


then 

lim 

L^OO 


|{7 £ ^1^(7) < L , 47,7) = 0}| 

]^eg- 6 + 2 r 


lim 

£j —^00 


|{7 £ ^1^(7) < L, 47,7) 

]^6g-6+2r 


1 }| 


Cs 

3 { 2 g - 2 -F r) • cs 


|{7 e 5 |^s(7) < 47 , 7 ) = 2}| 9^ , oJ 

- ^63-6+2r- -= 2((25 + c)(2<7 + r-3) + 2) -CS. 


See Proposition 3.1 in | 13 ] for the first limit and Corollary 4.7 for the other 
two. 


As was the case in m, the basic strategy of this paper is to translate 
the problem of the existence of the limit (1.1) to the existence of a limit of 
a suitable family of measures. More concretely, we will consider, for 70 and 


as above and for each L, the measure 


^ 1 ^ 
^70 = ji^Qg-e+2r 2 ^ 

■y&SjQ 


on the space C(S) of geodesic currents on S. Here, is the Dirac measure 

centred in the current ^7. We will study these measures when L —)• 00 
and prove, for instance, that they can only accumulate to multiples of the 
Thurston measure fJ,Thu on the space A 1 £(S) of measure laminations: 
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OO 


Proposition | 4 . 1 l Any sequence {Ln)n of positive numbers with Ln 

* 

has a subsequence {Lrn)i such that the measures converge in the 

weak-*-topology to the measure a ■ fiThu on AACiTi) C C(S) for some a > 0 . 

The point of considering limits of these measures is that actual existence 
of the limit of the measures implies (is equivalent to) the existence of 


the limit ( 1 . 1 ). Before making this statement precise, recall that there is 


a (filling) current associated to the hyperbolic metric, the Liouville current 
As £ C(S), satisfying 

(1.2) i(As,7) = •^s(7) 

for every curve 7. Here t(-, •) is the intersection form on the space of currents 
and a current A is filling if every geodesic in S is transversally intersected 
by some geodesic in the support of A. 


In light of ( 1 . 2 ), we can consider the limit ( 1 . 1 ) as a special case of the 
limit 


( 1 . 3 ) 


lim 

L—¥ OO 


|{7 G 5.^Ji(Ao,7) < -^^11 


l6g-6+2r 

where Aq G C(S) is filling. We prove: 

be a sequence with lim„ 


Proposition 

some a G M 4 - 


4.3 


lim 

n^oo 


Let (Lr 
Then 

I {7 G 5T,Jt(Ao,7) < Ln}\ 


1/4" = a • hThn for 


70 


= a • /.iThu({A G A4£(E)|i(Ao, A) < 1}) 


T 65 -— 6 + 2 r 

for every filling current Aq G C(S). 

As a direct consequence we will get that the existence or non-existence of 


the limit ( 1 . 3 ) does not depend on the concrete (filling) current Aq. In fact. 


we get something better: 

Corollary | 4 . 4 | , Let T, be a hyperbolic surface of finite area, and let Ai, A2 G 
C(S) be filling currents. Then we have 

lim ^ ^7 oI4'^i>7 ) < L}\ ^ /XThu({A G AI£(S)| 4 Ai, A) < 1 }) 

L^oo |{7 G 5 -yo|t(A 2 , 7 ) < L}\ /rThu({A G AI£(S)|t(A2, A) < 1}) 
for every multicurve 70 inT,. Here //Thu is as always the Thurston measure 
on the space of measured laminations M.C{YL). 


Remark. In view of Corollary 4 . 4 , it follows from Mirzakhani’s result 


on the existence of limit ( 1 . 1 ) that the limit ( 1 . 3 ) also exists for any pos¬ 
sible filling current for any arbitrary hyperbolic surface of finite type. For 


instance, it follows that the analogue of the limit (1.1) also exists if we mea¬ 


sure lengths with respect to an arbitrary metric of negative curvature m, 
or with respect to a singular flat structure [H] . All this might be worth not¬ 
ing because Mirzakhani’s arguments, using trace relations, may be hard to 
apply directly in these situations. This is what we meant when we claimed 
that the results in this paper and in m are to some extent complementary. 
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Remark. As we will explain in a short digression at the end of section 4.4 


it follows from Corollary 4.4 and the work of Mirzakhani m that more 
general limits of the form (1.3) exist, where one replaces the multicurve 70 
by a current a. 


As we have seen, to establish the existence or non-existence of either 
limit (1.1) and (1.3) what we have to figure out is whether the measures 
converge. Our strategy is to relate these measures to some other mea¬ 
sures which are supported from the very beginning on the space of measured 
laminations. To do so we need to establish a relationship between the mul¬ 
ticurves in 5-yu, which are in general non-simple, and simple multicurves. In 
some sense, establishing this relation is the main goal of the paper. 

In the case that S has no punctures this relation is pretty straight forward. 


Namely, we will prove that “generic” 
with extremely small angles: 


multicurves in S.yg have intersections 


Theorem 1.2. Let T, be a closed hyperbolic surface of genus g > 2 and 
let L('y) G (0, |] denote the largest angle among the self-intersections of a 
multicurve 7 C S. Then 


lim 
L —^00 


1 

L 6 g -6 


7 C S multicurve, 1 ( 7 , 7 ) = k, 

Z(7) > 6, £s(7) < L 


= 0 


for every k and every 5 > 0. 


Hence, if S is closed it follows from Theorem |1.2| that generically ele¬ 
ments of have, if their length is large, extremely flat self-intersections. 
This means thus that there is a well-determined way to resolve the self¬ 
intersections of such generic 7 to produce a simple multicurve which locally 
is almost parallel to the original curve. Doing so we obtain a map 


from a generic subset of to the set of simple multicurves 

in S. Here, genericity of just means that 


lim 

£j —^00 


|{7G5.,„\5^J£s(7)<^}| 

l6g-6+2r 


= 0 . 


The map maps multicurves in 5.^^ to simple multicurves of basically 
the same length. By itself, this property already implies that is finite- 
to-one. What is more remarkable is that the cardinality of the preimages 
1 ( 7 ) I is uniformly bounded from above (see section 
ments). 

The basic idea of the proof of Proposition |4.1| is to push the measures 
via the map to the space of measured laminations and compare 
them to the so obtained measures The latter measures can be more 

concretely written as 

^e, 7 o — ^6g-6+2r ^ Ke, 7 o (t) 

l&MCz 


3.4 


for precise state- 
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where 5x is again the Dirac measure centred at x. We will show that the 
measures get closer and closer to each other as L increases (see 

Lemma 4.2). In particular, to establish the convergence of it suffices to 
prove that converges. 

The key observation is that, since is uniformly bounded, any 

accumulation point ^ of absolutely continuous with respect to the 

Thurston measure /UThu on AI£(S). Since /r is also a limit of the mapping 
class group invariant measures it is itself also mapping class group in¬ 
variant. Thus we get from a theorem due to Masur |10] asserting that //Thu 
is ergodic, that the limit // is actually a multiple of the Thurston measure, 
as we claimed in Proposition |4.1[ 

Note at this point that if the map 'n'e,'yo were equivariant under the map¬ 
ping class group, then the existence of the limit limT^oo would directly 
follow from the work of Mirzakhani m on the distribution of simple multi¬ 
curves. However, the map is unfortunately not equivariant because its 
domain is not mapping class group invariant. 

To partially by-pass this problem we will observe that if r is an almost 
geodesic maximal train-track in S then 


(1-4) kc,7o(<^(7))l > ke, 70 ( 7)1 

for all 7 carried by and filling r and for every mapping class (p in the semi¬ 
group 

= {(/) G Map(S)|(/!)(r) -< r} 

consisting of those mapping classes which map r to a train-track carried by 
r. This is relevant because from (1.4) and Proposition 4.1 we get: 

Proposition |4.6[ Let r be a maximal recurrent train-track and 1/ C {A G 
A4£(S)|A 7 r} open with //Thu(fA) > 0 and fJ-Thu{dU) = 0. Suppose also 
that the following holds: 

(*) IfZ C {7 G A 4 £z(S )|7 ^ t} is a non-empty Tr-invariant 
set of simple multicurves carried by r then there is a > 0 with 

lim D L ■ U\ = a ■ UThuiU). 

L^oo L63-6+2r I ' M-inuv ; 

Then the limit lim£,_>.oo exists. 


The virtue of Proposition 4.6 is that it reduces the problem of showing 
that the measures converge to a problem about distribution of simple 
multicurves. On the other hand, working with semigroups is harder than 
working with groups. 

However, in the case of a punctured torus we can identify the semigroup 
Pt with the positive semigroup SL 2 N of the mapping class group Map(S) ~ 
SL 2 Z, the set of multicurves carried by r with N^, the space of measured 
laminations with M^/±l, and the Thurston measure with Lebesgue measure. 
In other words we are in a very concrete situation and we can use results of 
Maucourant m to prove: 
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Theorem 1.3. Every S1 j 2^-invariant set X C has a density, meaning 
that there is a with 

lim --^\X n L ■ U\ = a ■ vol{U) 

L —^oo ±j 

for any C open and bounded by a rectifiable Jordan curve. Here 

L ■ U = {v £ G U} is the set obtained by scaling U by L and vol([/) 

is the area of U with respect to Lebesgue measure. 


Theorem o will follow from Theorem |1.3t Proposition |4.6 | and Proposi¬ 
tion |4]3l 


Before concluding the introduction, note that Theorem 1.2 was only stated 
for closed surfaces. Indeed, the statement is wrong in general. In the pres¬ 
ence of cusps there are small and large angles due to the fact that the 
intersections might well occur in the vicinity of the cusps. This means that 
the construction of the map is going to be more subtle in the pres¬ 
ence of cusps than in the closed case. In fact, section and section are 
basically devoted to constructing the map and to study some of its 
properties. More concretely, in section we introduce a generalization of 
the notion of train-track, to which we give the beautiful Finnish name of 
radalla. A radalla is basically an immersed version of a train-track, and the 


main result of this section is Proposition 2.1 which asserts that for every k 
and every radalla f there is a uniform upper bound for the cardinality of the 
set of multicurves carried by f, with k self-intersections and which represent 
a given solution of the switch equations. In section we study the Hausdorff 
limits of sequences of multicurves with self-intersections and prove that for 
every k there are finitely many almost geodesic radallas which carry all but 
finitely many multicurves with at most k self-intersection. We use this fact 
to prove that the number [jy G S.yfiixi'j) < L}\ gr ows polynomially of 

Finally, in sec- 


1.2 


degree i 6 g- 6 + 2 r (Corollary 3.6) and to prove Theorem 
tion we also construct the map TTe ^^n. In section we s tudy the meas ures 

Corollary 4.4 and 


70 


and 


and prove Proposition |4.l| Proposition 


4.3 


In section we discuss the case when B is a once-punctured 


Proposition 4.6 

torus, prove Theorem |1.3| and conclude the proof of Theorem [T3 


Remark. Before concluding we would like to point out that all the results in 
this paper hold true if we replace the mapping class group Map(S) by one 
of its finite index subgroups F, that is, if we consider the set F • 70 instead 
of the set = Map(S) • 79 . The point is that we rely on Masur’s theorem 
on the ergodicty of the Thurston measure and this result also holds true for 
finite index subgroups of the mapping class group. 


Acknowledgements. Many thanks are due to Maryam Mirzakhani for 
interesting comments and for sharing a draft of her paper |14] . We also 


thank Frangois Maucourant for basically proving Proposition 5.2 for us. 
We also thank Benjamin Bandli for interesting conversations. We are also 
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2 . 

Train-tracks are a key tool to study the structure of the set of all simple 
curves on surfaces. In this section we introduce a small variation, basically 
an immersed version of a train-track, which we will use to study curves with 
self-intersections. We refer to HZlESiie] for basic facts about train-tracks. 

2.1. Train-tracks and radallas. By a smoothly embedded 1-complex r in 
a surface S we mean a finite embedded complex whose edges are smoothly 
embedded arcs with well-defined tangent lines at the end-points. We more¬ 
over require that for every vertex v all the lines tangent to edges adjacent 
to it agree - we denote this line by T^r. 

If T is such an embedded 1-complex and u G r is a vertex, then the set of 
(germs of) edges adjacent to v can be divided into two sets, according to the 
two directions of T^r. We say that r is a pre-train-track if these two sets are 
non-empty for each vertex - equivalently, every vertex u of r is contained 
in the interior of a smoothly embedded arc / C r. A complementary region 
A of a pre-train-track r is the metric completion of a connected component 
of S \ r. Note that the boundary of A is smooth except at a finite number 
of cusp points corresponding to vertices of r. If u happens to be a trivalent 
vertex, then v corresponds to a single cusp in a single complementary region. 
A pre-train-track r is a train-track if no complementary region is a disk with 
at most 2 cusps or a disk with one puncture and no cusp. 

Remark. We will only consider trivalent train-tracks, meaning that all ver¬ 
tices have degree 3. 

By definition, train-tracks are embedded in S ~ we now define an im¬ 
mersed version: 

Definition. A radallc{^ in a surface S is a triple {t,t, cf : t S) where 

(1) f is a finite graph and t C t is a subgraph containing all vertices. 

(2) (f) : f T, is a smooth immersion whose restriction to r is an 
embedding and 4 >{t) is a train-track in S. 

(3) If e is an edge o/ f \ r, then 

• 4>{e) is contained in a complementary region A of the train-track 

fir). 

• The end points of e are mapped into cusps of A. 

• (j)\e cannot be homotoped relative to the endpoints to a map with 
image in <?i(r). 

^According to Google Translate, radalla means track in Finnish. According to our 
Finnish connection it is mostly used in the form olla radalla as in to be on track to pick 
up girls in bars but we ignored it when we coined this term. 
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• 4>\e cannot he homotoped to (f)\e' relative to the endpoints for any 
edge e' 0 / f \ r distinct from e. 

We will often denote the radalla (f, r, (/> : f S) just by f and we will 
identify the subgraph r with the train-track <?i(r). In fact, one should think 
of a radalla f as a diagonal extension of the underlying train-track r where 
the added diagonals are possibly neither simple nor disjoint - compare with 
figure 



Figure 1 . Part of the image of a radalla f - the solid lines 
are part of the underlying train-track r and the black dot is 
a cusp. 

Recall that an immersed curve 7 : —)• S is isotopic to a second curve 

7 ^ : —)• S if there is a smooth map 

S^x[0,l]->S, (t,s) i-> 7 s(t) 

such that 7 o = 7 , 7 i = 7 ^ and 7 ^ is an immersion for all s. Note that by 
definition any curve isotopic to an immersed curve is immersed as well. 

Definition. Letf = (f, r, (/> : f S) 6 e a radalla. An immersed but possibly 
non-simple curve 7 : —>■ S is carried by f if there is a map 7' : —>■ f 

such that 7 and cfo are isotopic. 

Curves carried by a radalla behave very much like curves carried by a 
train-track. For instance, if S is endowed with a hyperbolic metric then 
there is a constant L = L{f, S) such that for every curve 7 : M —)• r for 
which (/) o 7 : M — )■ S has constant velocity, any lift (/loyiM— = 
is an L-bilipschitz embedding. In particular, if 7 : —>■ f is such that 

(/> o 7 is a smooth immersion, then 7 is an essential curve in S. Moreover, 
if 7,7' : —>■ f where (/) o 7 and (j) o are homotopic smooth immersions, 

then there is /i : —)• with 7' = 7 o /i. 

Recall that a train-track r is carried by another train-track t' - that is 
r -< r' - if the embedding of r into S is smoothly isotopic to an immersion 
r —)• S with image contained in r'. This definition carries over to radallas as 
follows: we say that f = (f, r, : f 'H S) is carried by f = (f', r', (/>' : f' 

S) - and write f -< f' - if there is a smooth immersion ip : f ^ f mapping 
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r into t' and such that (f>' o ^ is homotopic to (j). Clearly, being carried is 
a transitive property, meaning for instance that if multicurve 7 -< f and if 
f < f then 7 -< f'. 

While train-tracks and radallas are topological objects, we will be mostly 
interested in those that are geometrically well-behaved. A radalla f = 
{f,T,(j) : f ^ S) is e-geodesic if the image (l){e) of each edge e of f has 
at most geodesic curvature e and length at least Note that it follows 
from this definition that, as long as e is small enough, every curve carried 
by an e-geodesic radalla has at least length Also note that, since all the 
vertices of f are also vertices of r, if the train-track </>(r) is e-geodesic, then 
the radalla is isotopic to an e-geodesic radalla. 

2.2. Thickenings of radallas. Train-tracks can be consider as graphs or 
as band complexes, and the same is true for radallas. We recall briefly the 
definition of a band complex. For us, a band is just a rectangle [0, a] x [0,6] 
with long horizontal sides and short vertical sides (a >>> 6), foliated by 
the vertical segments {t} x [0, 6]. A band complex is a space X obtained by 
gluing finitely many bands together along the short vertical sides in such 
a way that in the end the whole boundary of X consists of the horizontal 
components of the bands. Note that the vertical foliations of the bands 
match up to a foliation Tx of the band complex X. 

Definition. A thickening of a radalla (f, r, 0 ; r S) is a triple {X, t, cf) 
where 

• X is a surface endowed with a structure of a band complex, 

• L : f ^ X is an embedding transversal to the vertical foliation Tx 
such that each band contains a leaf of Tx which meets i(r) exactly 
once, and 

• f : X ^ T, is an immersion with f = ([>0 i. 

We note that each radalla has a thickening and that thickenings are unique 
up to homeomorphism of X and isotopy of f. Note also that a curve 7 ; 

—)• S is carried by a radalla (f, r, (/> : f S) if and only if whenever 
(X, i, 4>) is a thickening there is an immersion 7 ; —)■ X transversal to the 
vertical foliation Tx and with f>o j isotopic to 7. The curve 7 : —)■ X is 
unique up to isotopy. 

Recall that by a multicurve A in S we mean a closed immersed 1-manifold, 
each one of whose components represents a primitive non-peripheral element 
in 7ri(S), and that r(A,A) is the minimum number of self-intersections of 
those X in general position and isotopic to A. The condition that each com¬ 
ponent of a multicurve represents a non-trivial primitive element in 7ri(S) 
amounts to asserting that each multicurve is determined by the associated 
geodesic current. Moreover, the self-intersection number agrees with the 
self-intersection number when we see multicurves as currents. 
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Suppose that the multicurve A in S is carried by a radalla f = (f, r, (/> : 
f S), meaning that each component is carried by f. Let X = {X, t, (p) be 
a thickening of f and A C X a multicurve transversal to the vertical foliation 
Xx such that 0(A) is isotopic to A. Since A is unique up to isotopy we get 
that the self-intersection number 

(2.1) rx(A,A) = r(A,A) 

of A with itself depends only on A and X. We note that 

A) > rx(A, A) 

but that in general equality does not hold; for instance the self-intersections 
arriving from the edges of f which are not embedded under 0 are not counted 
when computing tx(A, A). 

2.3. Switch equations. Let (f, r, 0 : r S) be a radalla and denote by 
E{t) and V{t) the sets of edges and vertices of f. At each vertex v choose 
an orientation of T„f and denote by E^{f ) (resp. E~ {f)) all the (germs 
of) edges starting at v in positive (resp. negative) direction. These choices 
yield a linear map 

{ae)e^E(r)^i E E 

\ee-B0 (f) eS-Ey (f) 

We refer to the entries of the elements in as weights. Elements in 

ker(VLf) are said to satisfy the switch equations. More concretely, w G 
satisfies the switch equations if at every vertex the sum of positive weights 
equal the sum of negative weights. 

Every curve 7 : —)■ f with 0 o 7 an immersion yields a solution uj.y to 

the weight equation by associating to each edge e G E(f) the cardinality of 
7 “^(a;) for some interior point x G e. Note that uj.y = ioy if 0 o 7 and (j)o 
are homotopic. The vector associated to a multicurve is the sum of the 
vectors associated to the individual components. 

Basically, the difference between a train track and a radalla is that the 
later is not embedded, meaning that there are edges which cross themselves 
or which cross another edge. This implies that often curves carried by a 
radalla are going to have self-intersections. In fact, if e and e' are (possibly 
equal) edges of a radalla f with t(e, e') = r and if 7 ; —)• r is an immersion 
with associated vector of weights lo^ then 7 has at least r-u:^{e) ■oj^{e') self¬ 
intersections. Here r(e, e') is the minimal number of interior intersection 
points of edges isotopic to e and e' in the complement of the underlying 
train-track and relative to the respective endpoints. 

Remark. In fact, it is possible to establish a more precise version of this last 
fact. Namely, if (r, r, 0 : r S) is a radalla with thickening (X, r, 0 ), then 
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we have 

i(A, A') = ix(A,A') + ^ i{e,e')-u:x{e)-uj\'{e') 

{e,e'}Ci?(f)\£(r) 

for any two, possibly equal, multicurves A, A' carried by f. Here tx(A, A') is 
defined as in ( 2 . 1 ). 


2.4. The meat. It is well-known that a simple multicurve 7 carried by a 
train-track is determined by the associated vector of weights ojry. It is on the 
other hand easy to find examples showing that this is no longer true if the 
multicurves under consideration are not simple. We will see however that 
as long as one only allows a bounded number of self-intersections, then 7 is 
determined by up to bounded indeterminacy. In fact, Proposition 2.1 
the most important result of this section: 


IS 


Proposition 2.1. For every radalla (f, r, (/> : r 7^ S) and every k there is K 
such that for every integral positive solution oj G c of the switch 

equation there are at most K homotopy classes of multicurves 7 carried by 
T with uj.y = uj and with 1 ( 7 , 7 ) = /c. 


The proof of Proposition 2.1 is pretty long 
skips over it in a first reading. 


we suggest that the reader 


Proof. The basic strategy of the proof is to show that each multicurve 7 
carried by f = (r, r, (/) : f S), with <.( 7 , 7 ) = k and with oj.y = uj, can 
be isotoped into “normal form”, and that the number of curves in the said 
normal form is bounded in terms of the radalla f and the bound k on the 
number of self-intersections. 

To begin with we choose a thickening X = {X, t, (p) of f. We will draw 
a pattern, of which we think of as millimeter paper, on a subset X of X. 
Before describing the construction in words, we refer the reader to figure 

and suggest to keep this drawing in mind while reading the following 
lines. Well, starting with the construction denote by B{e) the band of X 
corresponding to the edge e of f. Draw uje disjoint segments on B{e) that are 
transversal to the vertical foliation of B{e), joins the two vertical boundary 
components, and such that when we consider the union of all these segments 
over all bands we obtain a simple multicurve D in X with ujn = uj. Now, 
we choose for each edge e of f a finite set £(e) consisting of at least 200k 
vertical leaves contained in the band B{e) and we set L = U£(e) - abusing 
notation we will use L (resp. T(e)) to refer both to the finite set of leaves 
and to the union of those leaves as a subset of X. The multicurve D and the 
set £ determine a tiling by closed squares of a subset X of X, namely the 
closure of the union of those squares in X whose boundary consists of two 
subsegments of C and two subsegments of D. The boundary dX consists of 
finitely many vertical and hnitely many horizontal subsegments - we refer 
to the vertical subsegments as the exceptional vertical segments. Note that 
the exceptional segments appear only at the vertices of f - more concretely. 
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if a vertex is such that s edges of f merge into an edge, then we find there 
s — 1 exceptional vertical segments. 



Figure 2. The milllimeter paper pattern on X: the dotted 
lines are the boundary of X, the solid vertical segments are 
the leaves in C, the solid horizontal segments are the trace 
of the multicurve fl, the shaded region is X, and finally the 
thick and short vertical segment is the exceptional segment 
corresponding to the vertex in the picture. 

We will refer to the closed squares in X as tiles. For lack of a better 
word, if Q is a tile we will refer to the two horizontal sides and to the two 
diagonals of Q as being non-vertical. A multicurve 7 : U • • • U — ?■ X is 
in preliminary normal form (cf. figure]^ if 

• the set of self-intersections is discrete, 

• the image is the union of non-vertical segments, and 

• 7 is C^-close to a smooth multicurve in X which is transversal to 
the vertical foliation Xx- 

Observe that every curve in preliminary normal form is carried by f and 
that by construction we have uj.y(e) < co(e) for every edge e and every such 
multicurve 7 . Note also that since we are only going to be interested in 
homotopy classes of multicurves, we will identify multicurves in preliminary 
normal form with the same image. 

Claim 1. Every multicurve 7 in X transversal to the vertical foliation Xx, 
with co.y = uj, and with ixi'y,7) < k is isotopic (transversally to Xx) to a 
multicurve 7 ' in preliminary normal form and with ix{l\l') — ''x(7,7)- 

Proof of Claim 1. We can perturb 7 so that, while keeping all its listed 
properties, we also have that 7 is contained in the tiled part X of X, no 
crossing of 7 lies on £, and there is at most a single crossing between any two 
consecutive leaves of C. Here we say that two leaves £, P of £ are consecutive 
if there is a square whose vertical boundary is contained in £ U £. 

Note that all of this means that each I G £(e) meets 7 in w.y(e) = a;(e) 
points. We can thus isotope 7 so that, while keeping all its properties so 
far, it meets (for every e) each leave i G £(e) in the points £ H H, i.e. in the 
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Figure 3. A curve 7 in preliminary normal form with weight 
vector = uj. 


vertices of the tiling of X. Now, the image of 7 consists of segments I which 
join points in £ n and whose interiors are disjoint from £. Moreover, the 
two endpoints of any such segment I are contained in some tile. Replacing 
each segment I by the corresponding straight segment in the tile we obtain 
a curve in preliminary normal form, as we wanted to construct. □ 


Having brought multicurves in preliminary normal form is not enough 
to prove Proposition 2.1 because the number of multicurves in such form 
depends not only on the radalla and on the number k of allowed crossings, 
but also on the entries of the vector oj. To avoid this dependence, we are 
going to associate a complexity ^( 7 ) to every multicurve 7 in preliminary 
normal form and with Lx { 7 , 7 ) < k. Note that each such curve 7 determines 
a collection of lx{7, 7 ) closed tiles, namely the tiles containing a crossing 
- let \Cry\ be the support of C^, i.e. the union of the closed tiles therein. 

We set the complexity of 7 to be 


^( 7 ) =the number of tiles in C.y contained in those connected components 
of \C^\ which do NOT contain an exceptional vertical segment. 

We will say that a multicurve 7 is in normal form if it is in preliminary 
normal form and has vanishing complexity ^( 7 ) = 0. We are going to prove: 


Claim 2. Every multicurve 7 in X transversal to the vertical foliation Tx, 
with = uj, and with lx{ 7,7) < k is isotopic (transversally to Xx) to a 
multicurve 7 ' in normal form, and with 

Assuming Claim 2 for a moment, we conclude the proof of Proposition 


that 4>{X) isotopic to A. We know moreover that 

Lx{X, A) < l{X, X) = k 

Now, from Claim 2 we get that A is isotopic to a multicurve 7 C X in normal 
form and with lx{7, 7 ) < k. The claim of Proposition |2 .1 1 will follow once we 
prove that the number of choices for 7 is bounded just in terms of k and the 


2.1 


Any multicurve A carried by f lifts to a multicurve A C X, meaning 
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radalla f. To see that this is the case endow the quadrangulated part X with 
a metric which makes each tile isometric to the euclidean square of diameter 
1. Now, if 7 is a curve in preliminary normal form, with < k we 

have that each connected component of \C^\ has at most diameter k. If 7 is 
in normal form then each component of |C^| contains an exceptional vertical 
segment, meaning that all the crossings of 7 are located in one of the tiles 
within distance k of one of these exceptional vertical segments. Since the 
number of exceptional vertical segments just depends on the radalla f we 
obtain that all the crossings of 7 are in a set of tiles whose cardinality just 
depends on f and k, as we needed to show. 

It remains to prove Claim 2. 

Proof of Claim 2. By Claim 1 we know that 7 is isotopic to a multicurve 
7 ( 0 ) (7 X in preliminary normal form and with 
Among all choices for 7 *-^^ consider those with minimal complexity 
and among those with minimal complexity, suppose that the number of 
connected components of \C^{o) \ is also minimal. We will show that = 

0, meaning that 7 ^*^^ is in normal form. Seeking a contradiction suppose that 
there is a component |C*(o) I of |C^(o) I which does not contain an exceptional 
vertical segment. Choose one of the tiles T forming |C*(o)| and orient it 
transversally to the vertical foliation but otherwise arbitrarily - for the sake 
of concreteness we will refer to the positively oriented side as “left”. Note 
that this orientation of T induces an orientation of each other tile in the 
connected component |C*(o)|- We can now isotope the curve 7 ^°^ to a curve 

7 ^^^ by shifting the crossings in to the left. More precisely 7 *-^^ is the 

curve in preliminary normal form with the same number of crossings as 7 ^*^^ 
such that each crossing of 7 ^*^^ which does not lie in |C*(o) | is still a crossing 

of 7 *-^^ and finally such that each crossing of contained in |C*(o)| has 
been replaced by a crossing on the tile to the left - compare with figure 




Figure 4. The process by which 7 ^^) is obtained from 7 ^^^. 

The sets of tiles C^(i) and C^(o) containing the crossings of 7 ^^^ and are 
identical, besides the fact that the set of tiles C*(c) has been shifted to the left 
- denote the new set by . If the set |C*(i) | does not touch neither another 
component of |C..y(i)|, nor contains a exceptional vertical segment, then we 
can repeat this process and obtain curves 7 *-^^ and so on. For instance, in 
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the example presented in figure one can repeat this process 4 times but 
no more - compare with figure 




Figure 5. The shaded tiles can be moved 4 times to the left 
but no more because the cloud corresponding to 7 ^^^ contains 
an exceptional vertical segment. 


Note that the minimality assumptions on our curve imply that the 
process in question can be repeated infinitely often. This implies that there 
is some s such that C*(^) = C*(o) because there are only finitely many tiles 
and hence only finitely many configurations of tiles. But then, this implies 
that X contains a closed annulus 


^ = uLo|c;„| 

made out of tiles and such that the only (closed) tiles in |C^(o) | which in¬ 
tersect A are those in This implies that every component of 

which meets A is contained therein. Since we are assuming that 7 ^^^ realizes 
= i-xilil) and since there are crossings in A, it follows that 
some component of 7 *-^^ H A represents a multiple of the soul of A, contra¬ 
dicting the assumption that 7 *-*^^ is isotopic to the multicurve 7 , and hence 
that each of its components is primitive in tti. This proves Claim 2. □ 


Having proved Claim 2, we have also proved Proposition 2.1 


□ 


Continuing with the same notation as in the proof of Proposition 2.1 


note that the number s{f,uj,k) of isotopy classes of multicurves 7 carried 
by the radalla f = (f, r, (/> : f 7^ S), with oj^ = ui and with 1 ( 7 , 7 ) = k 
can be algorithmically computed. In fact, when k is small the quantity 
k) does not depend on oj as long as uj{e) is bounded from below by 
some threshold to ensure that all possibilities can be realized. 

Suppose for the sake of concreteness that the radalla f is actually a triva- 
lent train-track (meaning that all vertices have degree 3 and that f = r) and 
that w G is such that the weight of each edge is relatively large, say 

w(e) > 10 for all e G E(f). Then, since simple multicurves in train-tracks 
are determined by the associated weights we have 


s(f, w, 0) = 1 

Things are more complicated if we allow for intersections, and in fact we 
have 

V 

= - 
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where V is the number of vertices of the train-track r = f. Indeed, if 
a multicurve 7 carried by f is in normal form and satisfies ui^ = ui and 
= 1 ) then the unique crossing of 7 has to be in one of the V tiles 
adjacent to an exceptional segment. Conversely, for each one of these tiles 
we get one such curve, meaning that there are exactly V curves 7 -< f in 
normal form, with ^(7,7) = 1 and oj^ = oj. On the other hand, s(f, w, 1 ) = ^ 
because each multicurve 7 in normal form with = u and <-(7,7) = 1 is 
isotopic to precisely another one such multicurve 7' obtained as follows: let 
To be the tile containing the crossing of 70 = 7, let Ti be the tile adjacent 
to To and opposite to the exceptional segment contained in To, and let 71 be 
the multicurve in preliminary normal form, with = oj and with a single 
crossing in Ti. Then let T2 be the tile adjacent to Ti and opposite to To 
and let 72 be the multicurve in preliminary normal form with = oj and 
with a single crossing in T2. Define inductively T3,T4,... pushing the tile 
away from the exceptional segment and let 73,74, ■ be the corresponding 

curves. This process has to end with 7' = 7^ when T^ is adjacent to a second 
exceptional segment. Note that 7' is in normal form, that 7' 7^ 7, and that 
7 and 7' are isotopic. 

A similar computation can be done if one counts multicurves with 2 self¬ 
intersections - one obtains that 


s(f,a;,2) 


V{V + 6) 
8 


Leaving the details of the computation of s{t,uj, 2 ) to the reader, we just 
sketch a possible approach. We think of the two crossings as railroad cars, 
assign to each one of them a weight and a direction and let them run around 
subject to the condition that if they touch each other then they get stuck 
together and travel in the direction of the heavier one. The argument in the 
proof of Claim 2 shows that at some point they both have to get stranded 
at an exceptional segment (cf. with figure]^. In this way we associate, after 
choosing weights and directions, to each multicurve in preliminary normal 
form a multicurve in normal form satisfying additional condition on the 
directions and weight of the cars. There are V{V -|- 6 ) such say ’’labeled 
normal forms” and 8 possible distributions of labels, which implies that 
s{f,u},2) = ^ as we claimed. 

Remark. The threshold w(e) > 10 for every edge is very generous - in fact, 
for the two treated cases k = 1 , 2 , it would have sufficed to require that 
oj{e) > k + 2 for every edge e. 


3. 

With the same notation as all along let 

(3.1) Sk = {7 multicurve in S with ^( 7 , 7 ) = k} 

be the set of all multicurves in S with k self-intersections. In this section 
we will show that there is a finite collection of radallas that carry all but 
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finitely many elements in Sk- In the absence of cusps most element in Sk are 
in fact carried by maximal train-tracks - in the presence of cusps they are 
carried by radallas whose associated train-track is maximal and has finitely 
many extra edges around the punctures. Below we will see that these facts 
together with Proposition 2.1 prove the polynomial growth of the number 
of elements in of length iY. < L. We will also describe how one can 
associate a simple multicurve to each generic (in a precise sense) multicurve 
with self-intersections. 


3.1. Finding radallas. The basic idea used to prove that there is a finite 
collection of radallas that carry all but finitely many elements in is to 
consider the possible Hausdorff limits of sequences of such multicurves and 
find radallas that carry their limits. 

We start by extending some basic facts about simple multicurves to the 
setting of multicurves with self-intersections. It is well-known that the set 
of simple closed geodesics on S are contained in a compact subset of S. A 
direct generalization of this argument also shows the following lemma that 
we state here for further reference: 


Lemma 3.1. For every k there exists a compact set K gT, such that every 
geodesic multicurve 7 C S with at most k self-intersections is contained in 


K. 


□ 


Note that Lemma 3.1 implies that any sequence ( 7 ^) of multicurves in S 
with t( 7 , 7 ) = fc has a Hausdorff convergent subsequence. 


Recall that a lamination is a compact subset of S which is foliated by 
simple geodesics, and recall that the Hausdorff limits of sequences of sim¬ 
ple multicurves are laminations (see [S] for basic facts and definitions about 
laminations). Similarly, the Hausdorff limit A of a sequence ( 7 ^) of mul- 
ticurves with self-intersections is a union of geodesics but, naturally, they 
can intersect. However, if the multicurves 7 ^ have a bounded number of 
intersections, then the non-simple leaves in A are finite and isolated in the 
following sense: 


Lemma 3.2. Given k, let ( 7 ^) he a sequence in Sk, and suppose that it 
converges to some A C S m the Hausdorff topology as n —)> 00. Then 
A = Aq U A, where Aq is a lamination and A is the union of finitely many 
geodesics gi,... ,gr such that for each i there exists j, possibly j = i, such 
that gi and gj intersect transversely. 

Proof. As we mentioned above, the Hausdorff limit A is a union of (images 
of) geodesics. We call a point x £ \ singular if there exist geodesics g, g : 
M —)> S parametrized by arc length with g{M),g(M) C A and such that 
g{0) = 5 ( 0 ) = X but 5 ^( 0 ) A =*=9^(0). Say that a geodesic with image in 
A is singular if it goes through a singular point and note that the same 
argument used to prove that the closure of a set of simple disjoint geodesics 
is a lamination (see Lemma 3.2 in 0) shows that 
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• any geodesic with image in A and sufficiently close to a singular 
geodesic is singular as well, 

• A has at most k singular points and hence, up to reparametrization, 
at most 2k singular geodesics, and 

• the union A of the images of the singular geodesics is open in its 
closure. 

The last point implies that Aq = A \ Al is closed and hence compact. Since 
by construction Aq does not contain any singular points, it is a lamination, 
as we needed to prove. □ 


Equipped with this lemma we can construct radallas that carry all but 
finitely many multicurves with bounded number of self-intersections. More¬ 
over, we can do it in such a way that after fixing some arbitrary e > 0 , each 
radalla is e-geodesic and only finitely many radallas are needed. The basic 


idea is to construct, for each Hausdorff limit A = Aq U Al as in Lemma 3.2 


a train-track carrying the lamination Aq in the usual way, and then add an 
edge for each of the finite leaves in Al. 


Lemma 3.3. For any k and e > 0 there exists a finite collection of e-geodesic 
radallas Ti,f 2 , ■ ■ ■ An such that for all but finitely many 'y £ Sk there is i 
with 7 -< fj. 


Note that by definition the curves carried by an e-geodesic radalla are 
very long when e is small - this is because we assumed not only that the 
edges have small geodesic curvature but also that they are very long. In 


as the set of short curves in S^. 


particular, once can think of the finite exceptional collection in Lemma 3.3 


Proof. Let Sk be the closure of Sk in the set o f al l compact subsets of S 
with respect to the Hausdorff topology. Lemma 3.1 implies that Sk is itself 
compact. Let X £ Sk \ Sk he an accumulation point. Fixing an arbitrary 
e > 0 , we will construct an e-geodesic radalla fx that carries all 'y £ Sk that 
are sufficiently (Hausdorff) close to A. By Lemma 3.2 A = Aq U Al where 


Aq is a lamination and Al is the finite set of singular leaves. Let e' > 0 be 
very small and take a regular e'-neighborhood of A and denote it by M{X). 
For each of the finitely many singular points in Al take a 2e'-ball around it 
and let B be the union of these balls. Then M{X) \ B admits a foliation 
transversal to A. Let 7 be a geodesic multicurve which is a distance less than 
e' from A. This curve can be isotoped to a curve which remains transverse 
to the foliation in N{X) \ B and which follows the leaves of Al inside each 
ball in B. After isotoping each such curve in this manner, collapse M{X) 
along the transverse foliation (in AA(A) \ B) and to the leaves of Al inside B. 
This results in a radalla tx, where the associated train-track is the image of 
Aq under this collapse. By choosing e' small enough, we can assume fx is 
e-geodesic. 

Note that, by construction, every multicurve in Sk contained in some open 
neighborhood in Sk of A is carried by the e-geodesic radalla fx ■ Compactness 






of Sk implies that finitely many such open sets cover a neighborhood of Sk\Sk 
in Sk- The claim follows. □ 


3.2. Generic curves. Suppose S has genus g and r punctures. As in (3.1), 
let Sk be the set of all multicurves in S with k self-intersections. 

Definition. Let Z C Sk be arbitrary. A subset Z' G Z is negligible if 

|{7 G 2 :', £s(7) < T}| = 0 


L^9-f^+‘^r 


The complement Z\Z' of a negligible set Z' is said to be generic in Z. 

If Z' is generic in Z, and if the ambient set Z is understood from the 
context, then we just say that Z' is generic. 


Remark. Note that Z' G Z could be negligible and generic at the same time. 
Note also that the image under a mapping class of a negligible set is also 
negligible. 


In this section we prove that the set of all 7 G 5^ which fill an almost 
geodesic maximal radalla is generic. Here we say that a multicurve 7 carried 
by a radalla f fills if the corresponding vector of weights is positive, 
meaning that uj^{e) > 0 for every e £ E{t). If 7 fills r we write 7 -<mis h. 
A radalla f = (f, r, : r S) is maximal if 0 (t) is a maximal recurrent 
train-track. Recall that a train-track r is recurrent if it is hlled by some 
multicurve. A recurrent train-track is maximal if it is not properly contained 
in any other recurrent train-track. 

Remark. If S is not a once-punctured torus, then the complementary regions 
of a maximal train-track are just triangles and once-punctured monogons 
(see section]^ for a discussion of the case of the once punctured torus). It 
follows that if S is closed, then all complementary regions of a maximal 
recurrent train-track are triangles, which in turn implies that a maximal 
radalla is nothing but a maximal recurrent train-track. 


We can now state precisely the main goal of this section: 


Proposition 3.4. For any e > 0, the set 

= {7 G I 7 T for some maximal e-geodesic radalla f } 
is a generic subset of Sk- 


Proposition 3.4 is going to follow easily from Lemma 3.3 once we deter¬ 
mine “how many” multicurves in Sk are carried by each radalla: 


Lemma 3.5. Let Ti be a hyperbolic surface of genus g with r punctures, let 
{f,T,<f> -. f ^ S) be a radalla, and suppose that the underlying train-track 
T is trivalent and is not properly contained in any other t' G t such that 
(f, r', ()) : r 7^ S) is a radalla. Then we have 


C 


lim sup 

L —^00 


1 

]^6g-6-e2r 


7 multicurve, 7 

47 , 7 ) = ^T.{n)<L 


< 00 
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for every k Moreover C = 0 unless 0(t) is a maximal recurrent train- 
track. 


Proof. Given a multicurve 7 G 5^ carried by f let £^(7) be the length of 
some, and hence any, immersion homotopic to 7 and of the form (/> o 7 ' 
where 

7' : U • • • U > f. 

As mentioned earlier, lifts to the universal cover of curves carried by a radalla 
are bi-lipschitz embeddings where the bi-lipschitz constant is uniform. It 
follows that it suffices to prove that 


C' 


lim sup 

L^oo 


1 

^6g-6+2r 


7 multicurve, 7 -<fiiis t 

^h,'y) = k, U{'y)<L 


< 00 


and that C" = 0 unless 4>{t) is a maximal recurrent train-track. Let c be an 
upper bound for the length of the images (j){e) of the edges of r and note 
that for any multicurve 7 carried by r one has 


4 ( 7 ) < c • ||u;.^||i 

where || • ||i stands for the L^-norm. Letting V denote the subset of 
consisting of solutions of the switch equations corresponding to some filling 
multicurve 7 with ^( 7 , 7 ) = k we have thus 


J 7 multicurve, 7 -ifiUs f 

1 47,7) = k , 4(7) < L 


<K-\{io£V, ||a;||i<c-L}| 


where K is the constant provided by Proposition |2.1[ 

Note that the assumption that the vectors w G V correspond to weights 
of hlling multicurves implies that each entry oj(e) is positive. Now, if e G 
E{t) \ E{t) is an edge which is not contained in the train-track part, then 
there is another (possibly identical) edge e' with r(e,e') > 1. Recalling that 


ui{e) •a;(e') • i{e,e) < t( 7 , 7 ) 


for any 7 with u!.y = u we get that 

uj{e) < k 

for every w G V and every edge e in r \ r. This implies that V is contained 
in finitely many translates of the set Wz of integral points in the linear 
subspace 

W = {a; G | solution of the switch equations in r} C 


of solutions of the switch equations supported by the train-track r. It follows 
that there is some C with 


|{a; G V, llwlli < c • L}\ < C Ijw G Wz, ||w||i < c • L}\ 

The linear space W is defined over Z, and this implies that the number of 
integer points in W grows like a polynomial of degree equal to its dimension 
dimjiCW). Since, as it is well-known, dimR(W) < 65 — 6 -|- 2 r with equality 
if and only if r is a maximal recurrent train-track, the claim follows. □ 
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We can now prove Proposition 3.4 


Proof of Proposition \3.4\ By Lemma 3.3 there are, for all e, finitely many 
e-geodesic radallas fi,..., which carry all but finitely many curves in 
Sk- Since each radalla contains only finitely many other radallas, we can 
assume, up to adding finitely many radallas to our list, that the radallas fj 
satisfy the condition in Lemma [3. 5 [ and that for all but finitely many 7 G 5^ 
there is some i with 7 ^giis fi. Now, it follows from Lemma 3.5 that the set 
of those multicurves carried and filling a non-maximal radalla is negligible. 
The claim follows because the finite union of negligible sets is negligible. □ 


Note at this point that in fact it follows from Lemma |3.5| and from the 
argument used in the proof of Proposition 3A that set Sk has at most poly¬ 
nomial growth of degree 2 ^ 6 g- 6 -i- 2 r. 


limsup g |{7 G 5fc|£s(7) < L}| < 00 

L—^oo ^ 


A lower bound of the same order of magnitude can be obtained just by 
adding crossings to the simple multicurves carried by some maximal recur¬ 
rent train-track, but it is anyways due to Sapir [ 201 E]: 


Corollary 3.6. Let be a hyperbolic surface of genus g and r punctures. 
Then there is C > 1 with 


1 

— < 
c - 


1 

l6g-6+2r 


\{7€Sk\ij,{^)<L}\<C 


for all L large enough. 


□ 


3.3. Angles. We prove Theorem |1.2| from the introduction next; 

Theorem |1.2| , Let T, be a closed hyperbolic surface of genus g > 2 and 
let /(y) G (0, |] denote the largest angle among the self-intersections of a 
multicurve 7 C S. Then 


lim 

L —^CXD 


1 

L 69-6 


7 C B multicurve, 1 ( 7 , 7 ) = k, 

/( 7 ) > 6, £ s ( 7 ) < L 


= 0 


for every k and every 5 > 0. 


Proof. Given <5 > 0 there is e with Z( 7 ) < 6 for every multicurve 7 carried 
by some e-geodesic train-track. In other words, the set 

= {7 G with Z( 7 ) < (5} 

contains the set 


(3.2) {7 G I 7 Afiiis r for some maximal e-geodesic train-track r} 

of all multicurves with k self-intersections which hll some e-geodesic train- 
track. As noted earlier, the assumption that B is closed implies that a 
maximal radalla is in fact a maximal recurrent train-track. It follows thus 
from Proposition 3.4 that the set (3.2) is generic in S^. □ 
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Theorem Ol fails if S is not closed. We can in fact divide the self¬ 
intersections into two types which we refer to as small and large. Supposing 
hat S is not a once punctured torus (see section]^ for this case) and with no¬ 
tation as in Proposition [ 3 ^ let f = (f, r, (/> : f 'P- S) be a maximal e-geodesic 
radalla which is filled by some curve with k self-intersections. Since f is max¬ 
imal, and since we are assuming that S is not a once-punctured torus, it 
follows that all the complementary regions of </>(r) are either triangles or 
once punctured monogons. If e is small enough they are indeed almost ideal 
triangles and almost ideal once-punctured monogons. The ideal triangles 
cannot contain any additional leaves of 4>{t) but the punctured monogons 
can have one or several such leaves which then have self-intersections with 
relatively large angles. In fact, a simple computation in hyperbolic geometry 
yields that if e is small enough then every intersection between leaves e, e' of 
a maximal e-geodesic radalla happen at an angle greater than ^ whenever 
k > i{e,e) and k > L{e',e'). 

Moreover, as long as e is chosen small enough we get as in the proof of 
Theorem 1.2 that the self-intersection angles of a geodesic multicurve carried 
by an e-geodesic f are close to those of the representative in the radalla. In 
other words we get: 


Lemma 3.7. Suppose that S is not a once-punctured torus. For every k 
and 6 positive there is e such that if j C T, is a multicurve with 1(7,7) = ^ 
and which is carried by a maximal e-geodesic radalla, then 7 has no self¬ 
intersection with angle in [5, ^]. □ 


We will refer to intersections with angle larger than ^ as being large. The 
remaining ones are small. Recall that it follows from the argument leading 
to Lemma 3.7 that, as long as e is small enough, large self-intersections of 
multicurves 7 G 5^ which are carried by a maximal e-geodesic radalla f 
correspond to intersection points of (possibly equal) edges of the radalla. 


3.4. The map. Still assuming that S 


some k and 5 with 5 ^ and fix once and for all e 


is not a once punctured torus, fix 
positive but very small 


satisfying Lemma 3.7 


Our goal is to construct a map 


'^e,k '■ Sf. —)• MLjfjF) 

from the set of multicurves with k self-intersections carried by a maximal 
e-geodesic radalla, to the set MCzifF) = So of simple multicurves - this map 
will be the key to relate the growth of the number of self-intersecting curves 
of some type to the growth of simple multicurves. To intuitively explain 
the construction, suppose that all the self-intersections of 7 G 5^ are small. 
In this case we let T^e,k{l) £ 7W£g(S) be the multicurve obtained from 7 
by resolving the self-intersections in such a way that 7 and T^e,k{l) remain 
almost parallel. 

Consider now the general case. Suppose that we are given 7 G 5^ and a 
maximal e-geodesic radalla f = (f, r, 0 : f S) with 7 -igus r. We start by 
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associating to 7 a simple multicurve vTf ( 7 ) with the help of the radalla. As 
before, let E{t) be the set of edges of r and E{t) C E{f) the set of edges 
of the associated train-track. Recall that we are assuming that S is not a 
once-punctured torus. As we mentioned before, this implies that each edge 
in E{f) \ E{t) is contained in some punctured monogon. In particular, we 
can associate to each e e E{f) \ E{t) a locally embedded loop e C r in 
the train-track with the same endpoint as e and whose image represents the 
boundary of the punctured monogon containing e (see figure]^. 



Figure 6 . The solid line on the left image is an edge e G 
E{f) \ E{t) and on the right it represents the loop e. In the 
middle we see an intermediate step given by deleting loops 
around the puncture. 


the vector of weights of e and define a linear 


77 




We denote by ojg i 
map 

(3.3) 

as the identity on c and as mapping the basis vector e G 

to the vector ug G for all e G E{f) \ E{t) (see figure [^. 

Note that this map can also be viewed as being induced by a smooth map 
f —> r from the radalla to the train-track, where r is fixed point-wise and 
where each additional edge e G E{t) \ E{t) is mapped to the corresponding 
path e <Z T. An alternative description: each edge e G f\r has one or several 
loops around a puncture and we are cutting out such loops and homotopying 
the obtained segment into the train-track (compare with figure]^. 

Anyways, we obtain thus a way to associate to each 7 ^gus r a simple 
multicurve carried by the underlying train-track r as follows: consider the 
vector ujry G of weights associated to 7 , apply tt ^ as in (3.3) and let 

TTf ( 7 ) -< T he the simple multicurve with 

^7r.f(7) TTf (w..y). 

Next we give a different description of 71 ^( 7 ) which does not use the radalla 
f, just its existence. 


Recall that by Lemma 3.7 and by the choice of e, we can divide the in¬ 


tersection points of any 7 -Igus f into two types: small and large. We resolve 
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Figure 7. The map vif: each number is the weight of the 
edge underneath. The upper picture is in the radalla 4'{t) 
and the lower in the train-track The weights on the 

train-track are the images of the weights on the radalla under 
the map vrf. 




Figure 8. The effect of the map tTe on a curve. In the 
picture, two small intersections and one large intersection 
have been resolved. 

small intersections using the obvious local move: replace two intersecting 
segments by two which are disjoint to each other and almost parallel to the 
original ones (see figure]^. To resolve large intersections note that each one 
of them corresponds to a loop around a puncture - we just remove all such 
loops (see again figure]^. Proceeding like this for all intersection points we 
obtain a simple multicurve 70 which is in fact homotopic to the simple mul¬ 
ticurve that we get applying (compare figure and figure . It follows 

def 

thus that Tie,k{l) = does not depend on the radalla f, meaning that 

we have a well-defined map 

(3.4) 


'^e,k ■ 
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Remark. We str ess t hat the only requirement that we put on e is that it 
satisfies Lemma 3.7 for some small enough, say for 5 = In fact, 

we will not need to reduce e later on. However, the reader might find it 
reassuring to observe that if e' < e, then 


We establish some properties of the map (3.4) 
f ^ S) is a radalla and that r/ C 


Suppose that f = (f, r, (/> : 


S is a simple closed curve transversal to 
r, by which we mean that both are in general position with respect to each 
other and there are no proper smooth arcs I G r] and J C f such that I 
and 4>{J) are isotopic to each other relative to their endpoints. Suppose also 
that U IS a complementary region of the train-track and that U is a 

punctured monogon. Then each component of t/ n t/ meets the image 4>{e) 
exactly twice for each edge e G E{f) \ E{t) with ^(e) C U . It follows thus 
directly from the definition of vTf that 


^ |r/n(/.(e)| 

eGE(T) 


eGE{T) 


for every oj G Applying this to oj = Lo.y for 7 we get that 

4??>7)= l 7 n(/>(e)| •a;(e) 

e&E{T) 

= Yj ■ {Eiu;){e) 

e&E{T) 


where the first (resp. last) equality holds because r] and 7 (resp. 
are transversal. We record this fact: 


Lemma 3.8. Suppose that f is an e-geodesic radalla and that rj G Ti is a 
simple closed geodesic transversal to f. Then we have 


iir],Ee,ki7)) = 


for every j G St with 7 ^gus r. 


□ 


In some sense Lemma 


3.f 


asserts that 7 and are close to each 

other. Compare with Fact 1 in the next section. 

Observe that the map (3.4) maps curves of some length to curves of 
roughly the same length. By itself, this already implies that tt^t. is finite- 
to-one. The main content of the following proposition is that it is actually 
bounded-to-one: 


Proposition 3.9. There is k with | 7 r“^( 7 )| < k for all 7 G M.Ci. On the 
other hand, if t is an e-geodesic maximal train-track, and ej) G Map(S) is a 
mapping class with 0 (r) -< t, then one has (</>(7))| > Krfc(7)l every 
simple multicurve 7 t. 
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Proof. Note that the image of consists of simple multicurves which are 
carried and hll some maximal e-geodesic train-track. Given such a train- 
track r and a simple multicurve 7 -<fiiisT then vr“^( 7 ) consists of elements 
of which are carried by some radalla f extending r. Recall also that 
maximality of r implies that the leaves e in f \ r are contained in once- 
punctured monogons - if r is the number of cusps, there are r such punctured 
monogons. Each one of these leaves in a punctured monogon intersects 
itself and in fact there are, up to isotopy, only k leaves with at most k 
self-intersections. All this implies that there are at most r2^ + 1 radallas f 
extending r and which are filled by some curve in S^- 

Hence, to prove the first claim it suffices to bound, for each one of these 
radallas, the number of multicurves 7 ' G Sk with 7 ' -ifius f and 'Ke,k{l') = 7- 
Note that, by construction of the map, the weights uj.yi of each such curve 
7 ' belong to the preimage of the map in (3.3). Since J(7^70 = ^ and since 
^(e, e) > 1 for each e G E(f) \E{t) we get that wy (e) < k for any such edge. 
It follows that uy belongs to a collection of at most k‘^ vectors in By 

Proposition 2.1 we know that there is some K such that each vector in E{f) 
corresponds to at most K curves carried by f and with k self-intersections. 
Altogether we get that 7 r“^( 7 ) consists of at most k = (r2^-|-l)A:^Ar elements. 
We have proved the first claim. 

To prove the second claim vote that it suffices to show that 


for every mapping class cj) G Map(S) with iji(T) -< r, and every 7 ' G 
for each 7 -igus r. Any such 7 ' is carried by some radalla f extending the 
train-track r. Since (/)(r) -< r, we get that ^(f) is carried by some radalla 
P extending r. Note that f' can be isotoped to be e-geodesic. Since we can 
compute 'Ke,k{l') and 7re^fc(</>(70) using the radallas f and f', we get thus that 
'^e,k{(t>{l')) = ‘i>{'^e,k{l')) = as we Wanted to prove. This concludes the 
proof of Proposition |3.9[ □ 


Before moving on, note that the bound we gave in the proof of the first 
claim of Proposition 3.9 is rather brutal. In fact, in the absence of cusps we 

Moreover, 

(i.e. 


can replace the bound by the constant K from Proposition 2.1 
in the cases when we computed K explicitly 


A: = 1, 2) after the proof of 
Proposition |2 .1 1 one can give a formula, even in the presence of cusps, for the 
number of preimages. To see this, let r be a maximal e-geodesic train-track 
and 7 a simple multicurve carried by and hlling r. Suppose moreover that 
oj'y{e) > 10 for every edge e G E{t). Consider the case of A: = 1 and let 
7 ' G vr7i(7) ‘^ 1 - Then 7 '^fiiis'f for some radalla t' extending r. Since 

r is maximal, any leaf of f \ r is contained in one of the r once-punctured 
monogons. Since 7 ' fills f and has exactly one self-intersection it follows that 
there is at most one edge in f \ r and hence there are (up to isotopy) exactly 
r -|- 1 such radallas. Now, if 7 ' -igus f where r 7 ^ r then (the homotopy class 
of) y' is uniquely determined by r. If instead t = t there are, as explained in 
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the discussion following the proof of Proposition 2.1 ^ choices for 7 ' where 
V = 12g — 12 + 4r is the number of vertices of the maximal train-track r. 
Hence we have |vr“^( 7 )| = 6 g' — 6 -|- 3r. A similar computation can be made 
for the case k = 2 and we record the resulting count here, but leave the 
proof to the reader. 

Lemma 3.10. Suppose that S has genus g and r punctures and is not 
homeomorphic to a once punctured torus. For some e small enough, let r 
he a maximal recurrent e-geodesic train-track and 'j ^ t a simple multicurve 
which traverses each edge of t at least 10 times, that is u}-f(e) > 10 for all 
e G E{t). Then we have 

• ke~i(7)l = 65 - 6 -h 3r. 

• ^£“2^7)1 = i((25 + 0(25 + ’'-3) + 2). □ 


4. 


Suppose that S is a hyperbolic surface other than a punctured torus and 
fix some natural number k - the case of the torus with be discussed in section 
We also fix 70 G Sk, i.e. a multicurve in S with ^( 70 , 70 ) = k, and let 

= Map(I]) • 70 C 


be the set of curves of type 70 . In this section we associate to this set and 
to every L > 0 a measure on the space C(S) of currents on S. We 
will show that every accumulation point of when L —)• 00 is a multiple 
of the Thurston measure /iThu on the subspace M.C(T,) of C(S) consisting 
of measured laminations. We will moreover prove that the existence of an 
actual limit is equivalent to the existence of the limit (1.1). We begin by 
recalling a few facts on currents, measured laminations, and the Thurston 
measure. Before doing so we refer to laiiiiii! for basic facts on measured 
laminations (or equivalently, measured foliations) and their relation to train- 
tracks, and to 121 Elia ES] for basic facts on currents and their relation to 
laminations. Both laminations and currents are treated in the extremely 
readable paper [T]. 


4.1. Currents. The total space PTT, of the projective tangent bundle of 
E has a 1 -dimensional foliation, the geodesic foliation, whose leaves are 
the traces of geodesics in E. This foliation is intrinsic in the sense that 
any homeomorphism E —?■ E' between hyperbolic (or even just negatively 
curved) surfaces induces a homeomorphism PTE —)• PTE' which maps the 
geodesic foliation on PTE to the geodesic foliation on PTE'. This is basi¬ 
cally the well-known fact that geodesic flows on homeomorphic negatively 
curved manifolds of finite volume are orbit equivalent to each other. 

A geodesic current is a Radon transverse measure to the geodesic foliation. 
Equivalently a geodesic current is a 7 ri(E)-invariant Radon measure on the 
space ^(E) of geodesic in the universal cover S of E. Also, geodesic currents 
are in one-to-one correspondence with Radon measures invariant under both 
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the geodesic flow and the geodesic flip. Recall that a Borel measure is Radon 
if it is locally finite and inner regular. 

We denote the space of all geodesic currents endowed with the weak-*- 
topology by C(S). If S —)■ S' is a homotopy equivalence, then the map 
C(S) —)• C(S') between the spaces of currents induced by the foliation pre¬ 
serving homeomorphism PTS —)• PTS' is also a homeomorphism. In par¬ 
ticular, the mapping class group Map(S) acts on C(S) by homeomorphisms. 

If ii' C PTS is a compact set invariant under the geodesic flow, i.e. K is 
saturated with respect to the geodesic foliation, let 


Ck(S) = {A E C(S)|A(PTS \K) = {)} 


denote the set of currents (considered as measures invariant under the ge¬ 
odesic flow) supported by K. We will be interested in currents supported 
by a compact set because by Lemma 3.1 all curves in live in a fixed 


compact set. On the other hand, currents such as the Liouville current As 
associated to the hyperbolic metric of S belongs to some Cx(S) only if S 
itself is compact. 

Every primitive curve (and in fact, every multicurve) in S can be consid¬ 
ered as a current: namely the Dirac measure centred at the said curve. In 
this way we can see the set S = 5(S) of all multicurves in S as a subset 
of the space C(S) of currents. In fact, it is known that the set M+5 of all 
weighted multicurves is dense in C(S). Moreover, when S is closed, then the 
geometric intersection number 5 x 5 —>■ N extends uniquely to a continu¬ 
ous symmetric map C(S) x C(S) —)• M+. In the presence of cusps things 
are more complicated, for instance because the map might take the value 
oo. Anyways, the standard argument [2] proves that for every compact set 
K C PTE invariant under the geodesic flow we have that 


(4.1) 


i : C(S) X C/i'(S) —>■ M. 


takes finite values and is continuous. Moreover, i{a ■ X,b ■ fv) = ab ■ i(A, //) 
whenever a,b G M+ are positive reals and A E C(S) and jjL E Cx(E) are 


currents. The map (4.1) is called the intersection form. Note that if S 


S' is again a homotopy equivalence between hyperbolic surfaces, then the 
homeomorphism C(S) —)• C(S') commutes with the scaling action of M+ 


and with the intersection form. In particular, the intersection form (4.1) is 
invariant under the mapping class group of the surface. 


We list a few facts on the intersection form (4.1): 


If As is the Liouville current of the hyperbolic metric on S then 


4-^ s ,7) = -^2(7) 


for every multicurve 7 C S. 

• A current n is filling if every geodesic in S is transversally intersected 
by some geodesic in the support of fi. For instance, if 7 E 5 is a Ailing 
multicurve in the sense that it cuts S into polygons and punctured 
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monogons, then 7 is also filling as a current. The Liouville current 
As is also filling. 

• If A is a filling current and K C PTT, is compact, then the set 
{fj. G Ci^(S)|i(A,/i) < 1 } is compact in Cx(T). 

• For any compact set K C PTS invariant under the geodesic flow, 

and for any two filling currents C(^)) there is some L with 


< i(A,??) < LL{n,r]) 

for every r] G 

See the references given earlier for proofs, keeping in mind that we are re¬ 
stricting (4.1) on the second factor to compactly supported currents. Under 
this restriction, the proofs are exactly the same as in the case that S is 
closed. 

As above, suppose that 70 G 5^ is a multicurve in S with i( 7 o, 7 o) = k, 
and let 


Syo = Map(S) • 70 C 5 a: 

be the set of curves of type 70 . Consider the elements of Syg 
S and let K C PTS be a compact set, given by Lemma 3.1 


as currents on 
such that 


(4.2) 


Syg C Ck{^)- 


For L > 0 we consider the measure 

^70 “ l^&g-Q+2r ^ ^^"1 

jeSjo 

on Cic(S) C C(S), where stands for the Dirac measure centered at x. 
The goal of the sequel is to study the behavior of the measures when 
L tends to oo. Among other things we will prove that every accumulation 
point of when L —)> oo is a multiple of the Thurston measure on /UThu on 
the subspace of C(S) consisting of measured laminations. 


4.2. Measured laminations. Recall that a measured lamination is a lam¬ 
ination endowed with a transverse measure of full support. As such, a mea¬ 
sured lamination is also a current. In fact, a current A G C(S) is a measured 
lamination if and only if i(A, A) = 0. Noting that laminations are contained 
in the compact set provided by Lemma 3.1, we can see the space Ad£(S) of 
all measured laminations on S is thus a subset of Cxi'P) with the same K 
as in (4.2): 

(4.4) 


M£(S) c Ci^(S). 


Being a subset of C(S), the space A4£(S) of measured laminations has an 
induced topology. In fact, Thurston proved that AiC{T,) is homeomorphic 
to M 65 - 6 + 2 r^ Moreover, similar to the classical Fenchel-Nielsen coordinates, 
there is a finite collection (see for instance M) of simple curves r]i,... ,r]s 
such that 


(4.5) 


if i(A, rji) = i{pL, rji) for all i then X = 
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for any two A,// G Note that the collection of curves r]i,... ,r]s is 

very far from being unique - for instance, transforming this collection via a 
mapping class we get a new collection with the same property. 

The space Af£(S) has not only a natural topology, but also a compatible 
mapping class group invariant integral PL-manifold structure. Here, inte¬ 
gral means that the change of charts are given by linear transformations 
with integral coefficients. In particular, the set of integral points in AiC(T,) 
is well-defined. In fact, for every recurrent train-track r in S one has the 
simplex in AIT(S) consisting of all measured laminations carried by r - 
the integral points in this simplex correspond simply to the integral solu¬ 
tions of the weight equations. It follows that the set of integral points of 
AiC{Tj) is just the set of simple multicurves in S. Note before 

going further that the set of measured laminations carried by a train-track 
r is full-dimensional if and only if r is a maximal recurrent train-track. 

The PL-manifold AdT(S) is in fact endowed with a mapping class group 
invariant symplectic structure nil and hence with a mapping class group 
invariant measure in the Lebesgue class. This measure is the so-called 
Thurston measure /JThu- It is an infinite but locally finite measure, posi¬ 
tive on non-empty open sets, and satisfying 

mu(T • U) = 

for all U C AI£(S) and L > 0. Note that this implies that /iThu(^) = 0 if 
Ar\ L ■ A = tj) for all L > 0. In particular, 

/jThu({A G A/l£(S)|i(Ao,A) = 1}) = 0 
for every filling current Aq G C(S). 

On charts, the measure /Uteu is just the standard Lebesgue measure and 
the integral points of AI£(S) are just points in the integral lattice. Hence 
we get, under weak assumptions on U, that the Thurston measure of a set 
U can be computed by counting the integral points in L-U, dividing by the 
appropriate power of L, and letting L go to oo. In a more succinct way 

■y&MCx 

where 5x is as always the Dirac measured centered at x. Finally, but most 
crucially, it is a theorem of Masur |10| that ^Thu is invariant and ergodic 
under the action of the mapping class group. 

4.3. Sub-convergence of the measures . As we mentioned earlier, we 
are interested in the behavior of the measures defined in 
grows. Our first goal is to prove that any accumulation point is a multiple 
of the Thurston measure fiThu- 

Proposition 4.1. Any sequence {Ln)n of positive numbers with —)> oo 

has a subsequence {Lnfji such that the measures converge in the 

weak-*-topology to the measure a ■ /Uxhu on AACiT^) C C(S) for some a > 0. 


(4.3) when L 
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In preparation to prove Proposition |4.1| fix e as in the beginning of section 


3.4| and consider the corresponding set of those elements in Syg which 


fill a maximal e-geodesic radalla. Let 


TT, 


e,70 


= TTe 


70 


: 5: 


70 


MCziS) 


70' 


be the restriction of the map (3.4) to 5) 

In order to prove Proposition 4.1 we will make use of another family of 
measures on C(S): 

^e.7o ~ ^6g-6+2r ^ l’^e,70 ("l) 




The measures and are closely related to each other, and in fact 
the first step of the proof of Proposition 4.1 is to show that the asymptotic 
behaviors of the measures and are identical: 


Lemma 4.2. Let {Ln)n be a sequence tending to oo. If one of the limits 

lim /if" and lim z/f" 

exists with respect to the weak-*-topology on the space of locally finite mea¬ 
sures on the space of currents C(S), then the other also exists and both 
agree. 


Note that it follows from (4.2) and (4.4) that the measures 
are all supported by Ci^(S) for some fixed compact set K C PTH 
use this fact a number of times in the following pages. 


and 

- we will 


Proof. It will be convenient to consider the restriction of the measure to 
the set 


(4.7) 


yL = _"_ 

e>70 ]^6g-G+2r 




7651 


h 


3.4 


we have that 


Since the set Syg \ is negligible by Proposition [ 

e‘^70 \ 7) < • ^n}| = 0 

-L/r). 


for all C > 0. Here As is the Liouville current of the hyperbolic metric on 
S and we remind the reader that i'si'j) = /-(As, 7 ) for every multicurve 7 . 
By the very definition of the measures u^g and this means that the 

difference 

z. 4"({A E Ci,(E)|z(As, A) < C]) - E Ci,(E)|z(As, A) < C}) ^ 0 


of measures tends to 0 when n grows. Since, varying C, the sets {A E 
Cii'(E)|i(As, A) < C} form a compact exhaustion of C_r:(E) we deduce that 
whenever one of the limits 


lim z/f" and lim z^f" 

n^oo ’ n^oo 
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exists, then the other also exists and both agree. 

It follows that it suffices to prove that limn->-oo ^ if and only if 

lini„_>.oo = h- Note that is the push-forward of the measure 
under the map 

^U 70 • ^7 ^ ^Tre,'ro{l)- 

In particular, the desired result follows easily once we prove that when 
L is large, almost does not move points. More precisely, fixing for the sake 
of concreteness a distance d : Cii'(S) x Ck{^) —> K+ inducing the topology 
of Cj('(S) (see [6] for a concrete choice), we prove: 


Fact 1. For all C,p> 0 there is Lq with 




7 I I < P 


for every 7 G with t(As,7) < C ■ L and for every L > Lq. 


Proof. We argue by contradiction: Suppose there exist C, p positive, a se¬ 
quence Ln —)• 00 , and a sequence 7 „ G with t(As,7) < C ■ satisfying 


7n = 


d (^^)) - P- sequences (:^7n) and 

(^-^Tre,'yo (7n)^ are contained in the compact set {A G C/f (S)|t(As, A) < C}. 
It follows, by passing to a subsequence, that we can assume that they con¬ 


verge: 


L, 


-In /J, 


VT, 


e,70 


T I ~ T 


{in 




By construction, p' is a limit of simple curves and hence it is a measured 
lamination. On the other hand, by continuity of the intersection form we 
have 

! \ V ( ^ ^ ^ r ''(7n,7n) ,. t(7o,7o) „ 

i{p,p) = hm M — 7 „, —7n = hm -- = hm -— = 0, 

7H-00 \Ln Ln J n^oo L-^ n->-oo L-^ 

proving that also p G AI£(S). 

Recall that by Lemma 


3.3 


and the definition of there is a finite set 
of e-geodesic radallas carrying all curves in In particular, by passing to 
a further subsequence, we can assume there is a hxed e-geodesic radalla f 
with 7n ^ T for all n. Let r C r be the underlying train-track, and pi,... ,ps 
curves transversal to r and satisfying (4.5). Since pi is transversal to f we 
get from Lemma 3.8 that 

l^{ln,Pi) = i{'Ke,'yo{ln),Pi) 

for all n. The continuity of the intersection form implies that 

t{p,Pi) = i{p',Pi). 
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Since i was arbitrary we have jj. = hy (4.5). But this implies that 
and '^^ 7 o( 7 ^ 7 n) have the same limit and hence that their distance tends to 
0, contradicting our assumption. We have proved Fact □ 

Now, suppose that / : —)> M is continuous with compact support, 

and note that there is some C such that the interior of the compact set 
Z = {A G C/f (S)|t(As, A) < C} contains the support of /. Note also that / is 
uniformly continuous, meaning that for all eo there is p with |/(q;) —/(q;')| < 
eo whenever d{a,a') < p. This means that with Lq as in Fact and for all 
Ln > To and all 7 G we have 


/( 7 ^ 7 ) - / 


TT, 


e,70 


T, 


-7 


< eo 


Since is the push-forward of the measure under , this implies 
that 


/Cif(S) 


/(A)dM 


e,70 


(A) - / 

Jc 


Ck(S) 




/Ck(S) 


/(A)dA 


Ln 

e,70 


(A)-/ 

JCk{T.) 


<eoi"i;;o(^) and 


<eop^-^{Z) 


for any eo small enough. If lim„_^oo we get that is bounded 

independently of n. Since eo was arbitrary we get thus that 


lim 

n^oo 


/ fWdPeaM)- i /(A)dz^f;;o(^) =0 

/Cx(S) 4Cx(S) / 


which implies, because / was arbitrary, that also Ihun^-oo = p. 

The same argument proves also that if lim„^oo = P then we also 
have lim^^oo = /^- ^ 


We are finally ready to prove Proposition 4.1 


Proof of Proposition \4.1\ To begin we prove that the sequence {p^p^)n has a 
convergent subsequence. In order to do so it suffices to prove that for every 
compact set K C A4£(S) with p'j'i^^{dK) = 0 the sequence {p^p^{K))n is 
bounded. 

Note that 


..Ln 
Pc,70 


{K) = 


_ I _ 

jGg—(i+2r / j 

MCzHLn-K 


VT, 


-1 

e,70 


(A)| 


K 


— r6g—6-|-2r 
L/n. 


\MC^ nK-K\ 


where k is the constant provided by Proposition |3.9[ Since the last quantity 
converges to k ■ p^huiK) when n —>■ 00 , it follows that our original sequence 
is bounded, as we needed to prove. At this point we know that the sequence 


of measures {Pelt„)n contains a subsequence {p. 


e,7oU 


which converges to some 
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measure /x. Moreover, since < k, ■ fi'j'huiK) for every K we deduce that 

the limit /x is absolutely continuous with respect to the Thurston measure, 
with Radon-Nikodym derivative bounded by k. 

Note at this point that it follows from Lemma |4.2| that we also have 

lim = fj.. 
i^oo 


This means that it only remains to be proved that the Radon-Nikodym de¬ 
rivative is essentially constant. To that end note that is invariant 
under the mapping class group, since for all U C C(S) and all 4> G Map(S) 
we have 


1^70 n ' U)\ 

— 6^_6+2r^70 ^ ^rii * U\ = 1^70 ^ * U\ 

= 4"*(c/). 


This implies that the measure /x is also invariant under the mapping class 
group. Hence, the Radon-Nikodym derivative is a mapping class group 
invariant measurable function on A^£(S). Since the Thurston measure /xxhu 
is ergodic with respect to the mapping class group action m, it follows that 
is essentially constant as we needed to prove. □ 


4.4. Limits of measures and counting. After the hard work of proving 
Proposition |4.1| we can reap some of its consequences. They are all based 
on the following simple observation: 

Proposition 4.3. Let {Ln)n be a sequence with lim^^oo = ct ■ PThu for 
some a G M+. Then 

„1™„ IG e = a ■ MTh„({A e >l£(S)|i(A„, A) < 1}) 

for every filling current Aq G C(S). 

Proof. We have that 

Ih g ^ -^”>1 = liyi 6 CK(E)k(A„,A) < 1)) 

n—^oo n^oo 

= a ■ /XThu({A G Ci^(S)|x(Ao, A) < 1}) 

= « • /^Thu({A G A4£(S)|x(Ao, A) < 1}). 

Here the first equality follows from the very dehnition of the measures 
The second equality follows from the assumption in the proposition because 
as we noted earlier /UThu({-^ £ (S)|t(Ao, A) = 1}) = 0. Finally, the last 

equality holds because /xteu is supported by Af£(S). □ 
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We will later prove that the limit lim^^oo ^70 ^ictually exists if S is a 
once-punctured torus, which in light of Proposition 4.3 will mean that the 
corresponding limit limi_,.oo also exists. For a general sur¬ 

face we only prove that the following weaker statement: 


Corollary 4.4. Let T, be a hyperbolic surface of finite area, and let Ai, A 2 G 
C(S) be filling currents. Then we have 

|{7£57j6(Ai,7) <L}| ^ /rThu({A£Af£(S)|4Ai,A)<l}) 

L^oo |{7 G 57(,|t(A2,7) < L}\ /rThu({A G MC{YL)\l{\2, A) < 1}) 
for every multicurve 70 inT,. Here //Thu is as always the Thurston measure 
on the space of measured laminations Af£(S). 


Proof. It snfHces to prove that every sequence (L„) has a subsequence 
for which the claimed equality holds. Well, from Proposition |4.1| we know 
that (Ln) has a subsequence for which converges to a ■ //Thu for some 
a > 0. Thus by Proposition |4.3| we get that 

.lim ^ = « • /^Thu({A G M£(S)|/(Ai, A) < 1}) 

1^00 

and that 

lim l{ 7 g^ 7 ok(A 2 , 7 )^<^uJ| ^ ^ ^ M£(S)|/(A 2 , A) < 1}) 

The claim follows by taking the quotient of these two equations. □ 


As we mentioned in the introduction, combining Corollary 4.4 and the 
work of Mirzakhani [TT] one gets immediately that the limit 

|{7 G 57o|/(Ao,7) < L}\ 


lim 
L —^00 


2^6g-6+2r 


exists for every multicurve 70 and every filling current Aq. It is thus natural 
to wonder if more generally the limit 


(4.8) 


lim 
L —^00 


|{/(«)l/g Map(S), /(Ao,/(a)) < L}| 

l6g-e+2r 


also exists for cnrrents a G C(S) other than those arising from multicurves. 
This is indeed the case. To explain why, suppose for the sake of concreteness 
that S is closed of genus g, that a G C(S) has trivial stabilizer in the mapping 
class group, and consider for L > 0 the measure 

= ^6g-6 ^ Hfi») 

/eMap(S) 


on the space of currents. Noting that there is some K > 1 with 
— • /(A, As) < /(A, a) < K ■ /(A, As) 

for all A G C(S), we get that the //fomeasure of the compact sets {A G 
C(S)|t(A, As) < C} is bounded from above for all C by some number which 
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does not depend on L. It follows that every sequence has a convergent 

subsequence. Moreover, as in the proof of Proposition |4.3| we have that if 


converges to /x then 

|{/ G Map(S)|/,(Ao,/(a)) < L^}] 


lim 

n—^oo 


j-Qg-G 

^n. 


= M{AgC(S)|x(Ao,A) < 1}) 


In particular, to prove that the limit (4.8) exists it suffices to prove that the 
quantity 


(4.9) 


M{AgC(S)|x(Ao,A)<1}) 


does not depend on the particular sequence Ln- Well, we want to prove the 


independence of (4.9) for every every filling current Aq, but since weighted 


currents corresponding to multicurves are dense in C(S), it suffices to prove 
it for multicurves Aq , which we moreover might assume to be filling and with 
trivial stabilizer in the mapping class group. In this case we have that 

|{/ G Map(S)|t(Ao,/(a)) < Ln}\ 


/x({A G C(S)|t(Ao, A) < 1}) = lim 

n^oo 


= lim 

n^OQ 


= lim 

n^oo 


1 - 69-6 

|{/ G Map(S)|f,(a,/(Ao)) < Ln}\ 

j6g-6 

|{7 G 5 Ao|x(a, 7 ) < Ln}\ 


L\ 


6g-6 


where the second equality holds because the intersection form is symmetric 
and invariant under the mapping class group - the third limit is just a 
rewriting of the second one. However, from the work of Mirzakhani [T3] and 
Corollary |4.4| we get that the third limit does not depend on the sequence 


Ln- It follows thus that the limit (4.8) exists, as claimed 


4.5. Criteria for convergence. We discuss now some conditions ensu ring 
that the measures converge when L —)> 00 . Note that by Lemma 


4.2 


it suffices to give conditions ensuring the convergence of the measures /x, 


defined in (4.6). The first basic observation is the following: 


C,70 


Lemma 4.5. Suppose that there is a non-empty open set U C M-C{'E) with 
hThu{dU) = 0 and for which the limit lim^^^oo 1*^70 ~ exists and is 
finite. Then the limit lim^-^oo = pL also exists and we have fx{U) = ajj. 

Proof. Recall that by Proposition 14.11 every sequence 00 contains a 

L A - ' 

subsequence {Lni)i such that ( 1 x 70 "')i converges in the weak-*-topology to a 


multiple a • /xteu of the Thurston measure. By Lemma 4.2 we get that 


1 • 

lim /i£,'yo — ^ * /^Thu 
2^00 


a • hThu{U) 


lim fLef/iiiU) = au 
i^oo 


as well. Therefore 
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meaning that the constant a does not depend on the particular convergent 
sequence The claim follows. □ 


Next we give a criterion ensuring the existence of a limit for the mea¬ 
sures in terms of the existence of densities of sets of simple multicurves 
invariant under a certain semi-group. More precisely, if r is train-track let 


(4.10) Tr = {(t> ^ Map(S)|(^(r) -< r} 


be the semi-group consisting of those mapping classes which map r to a 
train-track carried by r. 


Proposition 4.6. Let t be a maximal recurrent train-track and U G {X € 
AiC{Tj)\X -< r} open with //Thu(t^) > 0 and /rThu(9t/) = 0. Suppose also 
that the following holds: 

(*) If I C {7 G A4/1 z(S)|7 -< t} is a non-empty Tr-invariant 
set of simple multicurves carried by r then there is a > 0 with 


1 


L^9-e+2r 


\in L-u\ 


a ■ fJ-ThuiU). 


Then the limit lim£,_,.oo exists. 

Before proving Proposition 4.6| let us comment on two of its features. On 
the one hand, Proposition |4.6 has the virtue that it reduces the problem of 
showing that the measures converge to a problem about distribution of 
simple multicurves. On the other hand, working with semigroups is harder 
than working with groups. Also, even if we were to replace the semigroup 
by the whole mapping class group, the statement would still not be at all 
obvious - in fact, it would be the main result of m- 


Proof. Note first that, up to choosing a different hyperbolic metric on the 
surface S, we can assume r is e-geodesic. In particular, we get from Propo¬ 
sition 3.9 that if (/> G Pt- then 


for every simple multicurve 7 -<fiiis r. It follows that the set 


= {7 G MCz{X^), 7 -<mis'r, 

is Pt— invariant for all s. Note also that Proposition |3.9| asserts that there 
is K with Xs = 0 for all s > k. Now, by assumption, for all s there is some 
number as with 

^6g-e+2r \^s nL-U\=as- /iThu(t/). 
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Also, we can compute as follows: 

/^e,7o(^) ~ ^ 6 g- 6 + 2 r ^ I ^£,70 (7) I 

7 eAJz:z(s)nL-c/ 

~ ^ 6 g- 6 + 2 r ^ Ke, 7 o( 7 )l 

7 eAJ£z(S)nL-C/, 7 AfliisT 

1 ^ ^ 

^ ^ 6 g- 6 + 2 r '^\^s<^L-U\. 

S = 1 

Here ~ means that the difference between the quantities tends to 0 when L 
grows - this is so because the set of multicurves carried by r but which do 
not fill r is negligible. The final equality holds because |vr^.^p(7)| can only 
take the values 0,1,..., k. 

Combining the previous equations we get that converges when 

L —>■ oo to the number 

lim = (ai + 02 H-h • fiThniU)- 

L—>oo ’ 

The claim now follows from Lemma 14.51 □ 


At this point we can prove: 


Corollary 4.7. Let T, be a hyperbolie surface of genus g with r cusps and 
suppose that 2g + r > 3. Then we have: 


lim 
L —^oo 

lim 
L —^oo 


|{7 e 51 ^ 2 ( 7 ) < L, t(7,7) = 1}| 

‘^6g-6+2r 

|{7 e < L, t(7,7) = 2}| 


= 3(2g - 2 + r) • cs 


9 


= + r)i2g + r - 3) + 2 ) • cs. 


^6g-6+2r 2 

where cs = /JThu({A G A4 £(S)|^e(A) < 1 }). 

Before launching the proof of Corollary |4 . 7| note that all the results proved 
in this section for the measures and also apply to the measures 


Vi. = 


l6g-6+2r ^ ^ 

■y&Sk 


Y1 h'Y = 


1 


£6g-6+2r 


kJ(7)|5i„ 


l&MCi 


The proofs are identical. 


Proof. Let r C S be a maximal recurrent train-track and O C A4C{'T,) the 
set of measured laminations carried by r and let U = {\ £ 0|'^s(A) < 1}. 
Finally, let V C n O be the set of all simple multicurves 7 -< r 

carried by r and traversing each edge of r at least 10 times, that is ijj^{e) > 10 
for all e G E{t). Note that V is generic in the set n O of simple 

multicurves carried by r. Genericity of V in nO, together with the 
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universal bound given by Proposition 3.9 on the cardinality of the fibers of 
TTe,k, implies that 

^ kej (7)1=0 


lim ^ „ 

L^oo L6g-6+2r 

-t&iMCz(.^)nL-U)\V 

This means that if either one of the limits 


lim a^^(U) and lim ^ 


vr 


(7)1 


'yeVnL-u 

exists then the other also exists, and when the limits exist, they agree. 
Consider the cases k = 1 and recall that by Lemma 3.10 we have 

=3(2g-2 + r) 

for all 7 G V. We thus have 

lim — 7 ^- 75 - | 7 r 7 |( 7 )| = 3(251 — 2 + r) lim 

L^oo L*^9-e+2r I e,iv/u VV ^ L^oo L^g-G+^r 

'yeVDL-U 

Using again that V is generic in U n A^Zz(S) we get that the latter limit 
converges to the Thurston measure of U: 

AiThu(U) = lim 

A-itiuv J ^6g-6+2r 

Altogether we have proved that 

lim /i^i(U) = 3{2g - 2 + r) ■ fJ,Thu{U) 

Lemma 4.5 implies that that the measures converge to a measure /i with 
g-{U) = 3 ( 25 '— 2 + r) •//xhu(b^)- Lemma 4.2 implies that g, = limx->.oo and 


we get from Proposition |4.1| that g, is a multiple of the Thurston measure. 
Since we know the measure of U we thus get that 

fi = 3{2g - 2 + r) • ^xhu 


The claim for k = 1 follows now from Proposition 4.3 Exactly the same 
argument applies for k = 2. □ 


5. 

In this section we prove Theorem o We start by recalling a few facts 
about curves and train-tracks in the once punctured torus. 

5.1. Train-tracks and simple curves in the punctured torus. Let 

T = Ti 1 be the once punctured torus and recall the following well-known 
fact: 

Fact 2. The inclusion map Ti^i —)• Ti^ from the once punctured torus Ti^i 
to the elosed torus Ti^o induces a bijection between their respective sets of 
oriented simple non-peripheral curves. Moreover, this bijection preserves 
both the geometric and algebraic intersection number. 
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It follows that choosing a basis for the homology of the torus, 

we can identify the set of simple multicurves in the once punctured torus 
with the integral homology classes in the torus up to sign: 

(5.1) MC^iTi^i) = ZV ± 1 

In fact, this identification extends to an identification between M^/ ± 1 and 
the space of measured laminations on Tip: 

(5.2) M£(Tip)=mV±1 


This last identification is compatible with the scaling by positive scalars in 
M+ on the left and the right. Moreover, (5.1) and (5.2) are also compatible 
under the identification 


(5.3) Map(Tip) = SLsZ 

between the mapping class group and SL 2 Z, where the actions are on the 
left by mapping classes and on the right by matrix multiplication. 


We describe next the maximal recurrent train-tracks in T. For every pair 
of oriented simple essential curves a, (3 C T which intersect once, there is a 
train-track which carries the curves a, (3 as well as the simple curve a/I 
whose homology class is the sum of the classes of a and f3 (compare with 
figure]^. Observe that 


Ta,l 3 — T—a ,—/3 — '^ 3 , 0 . — but 7 ^ Ta^—p. 


Moreover, with notation as in (5.2), we have 


{A £ AI£(rip)|A -< Ta^p] = {xa -|- yl3\x,y > 0}/ ± 1 



Figure 9. The train-track associated to two essential simple 
curves which intersect once. 


Note that T^^p is a maximal recurrent train-track. Conversely, it is well- 
known that every maximal recurrent train-track r on the torus Tip differs 
from Ta^p by a diffeomorphism. Moreover, since every orientation preserving 
diffeomorphism (p : Tip —)• Tip with 4>{Ta^p) = Ta^p is either isotopic to Id or 
to — Id we obtain that the mapping class of the homeomorphism mapping 
T to Ta^p is unique up to composition by — Id. In other words we have: 
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Fact 3. Let T be a once punctured torus and let a and /3 be oriented simple 
curves intersecting once. If t is a maximal recurrent train-track in T then 
there is an orientation preserving homeomorphism 4> :T ^ T with f){Ta^p) = 
r. Moreover, the mapping class [cf)] G Map(T) of f is uniquely determined 
up to composition by — Id. 


Observe that the train-tracks and are carried by Ta^p- 


Tal3,iiMa,al3 ^ '^ce,h' 

Also, note that if {a,/3) corresponds to a positively oriented basis of 7? 
under (5.1), we have 

(ha?,/?) 'T~al3,/3i ^a(Tia,/3) '^a,al3 


where 6^ and da are the right Dehn-twist along /3 and a, respectively. We 
obtain: 


Fact 4. Let T be a once punctured torus and let a and ft be oriented simple 
curves with algebraic intersection number {a,/3) = 1 and cf) G Map(r). Then 
we have 


Tr,,/? = {</>£ Map(ri,i)|(/>(r„,^) -< 

where {60,6^^)+ is the semigroup generated by 6a and 6'^^. 

Still with the same notation, consider the identification 7ri(Ti^o) = 
with respect to which the two simple curves a. and /3 correspond to the 
standard basis: 


a = 


, /? = 


With respect to the induced identihcation (5.3) between the mapping class 
group Map(T) and the group SL 2 Z we have that 

1 1 
0 1 


6a = 


5/3 = 


1 0 

-1 1 


which means that the semigroup generated by 6a, 6 corresponds to the 
positive semigroup SL 2 N C SL 2 Z: 


= {6a,6-p^)^ = sun = 


a b 
c d 


G SL 2 Z 


a,b,c,d > 0 


5.2. Radallas and the map vr in the punctured torus. Let r = Ta^p 

be a maximal train-track in the punctured torus Ti^i. The train-track r has 
3 edges a, b, c labeled in such a way that 


UJa 


1 

0 

1 


and ujjs 


0 \ / uj^{a) \ 

1 where uj-f = u!-f{b) 

1 / \ u^lc) ) 


Note that the complement Ti^i \ r of this train-track is a punctured bigon, 
but, after labelling the edges, has a structure reminiscent of a punctured 
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hexagon where opposite sides are identified in Ti_i. This means that r can 
be drawn as in figure or as the boundary of an hexagon in the fundamental 
domain of an hexagonal torus. See the left part of figure [T0| 

Remark. The only reason why we assumed that S was not a once punctured 
torus in earlier sections was because we used the fact that the complemen¬ 
tary regions of a maximal train-track could only be triangles and punctured 
monogons. This additional “complication” in the case of the torus is in fact 
not such a problem since we are instead in a very concrete setting. 




Figure 10. The left half is the train-track r as the boundary 
of a hexagon ~ the picture is drawn in the universal homology 
cover of Ti_i, i.e. in \ Z^. The right image represents a 
possible radalla extending r. 


Suppose that f is an arbitrary radalla extending r. If 7 f then the 
coefficients uj^{h) and uj^{c) satisfy 

^^(c) > Lo.y{a) + u^{b) 
with equality if and only if 7 -< r. Let 

pin) = ^lic) - i^'yia) + ^-tib)) 
denote the defect and define a map 

TTf ; ^ 


such that 


TTriuJ^) = 


ui^{a)+p{-f) 
u}^{b) + p{'y) 
oj^ic) + p{'y). 


As in section 3.4, we can give a direct description of the map vr^ in terms of 
the radalla, i.e. without giving formulas for the weights. To do so, we just 
consider the image 4‘{f) of the radalla in question and remove all punctured 
monogons and all bigon and homotope what is left into r (cf. with figure 
[n]). Similarly, as long as we restrict to curves which are carried by some 
e-geodesic radalla, for e small enough, we can describe the map without 
making use of any concrete carrying radalla. Instead we can define the map 
only using the geodesic representative of the curve in question, just as we 
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Figure 11 . The map vr^ at the level of radallas. 


did in |3.4[ Hence, as we did in the previous section, we get a well-defined 
map 

which satisfies Lemma 3.8 and Proposition |3.9[ Moreover, the arguments in 
section remain valid - in particular Proposition |4.3| and Proposition 4.6 
still hold. We leave the details to the reader. 


5.3. Proof of Theorem 11.11 Recall Theorem 11.31 stated in the introduc¬ 
tion: 


Theorem 1.3 Every SL 2 N-invariant set I C has a density, meaning 


that there is a G M with 

lim ^|Xn L • ?7| = a ■ vol{U) 

L —^00 Ij 

for any t/ C open and bounded by a rectifiable Jordan curve. Here 

L ■ U = {v G G U} is the set obtained by scaling U by L and vol(?7) 

is the area of U with respect to Lebesgue measure. 


Assuming Theorem |1.3| for now, we prove Theorem |1.1[ 

Theorem |l.l[ LetT, be a complete hyperbolic surface of finite volume home- 
omorphic to a once punctured torus and let 70 C S 6 e o multicurve. The 
limit 0 exists and moreover we have 

\{l e < L}\ 


lim 
L—^00 


L2 


= C-,, • ^Thu({A G M£(S)|fs(A) < 1}) 


where /iThu is the Thurston measure on the space of measured laminations 
AiCfiE) and C-y^ > 0 depends only on 70 . 


Proof. We start by proving that the measures defined in ( |4.6[ ) converge. 


By Proposition 4.6 it suffices to exhibit a maximal recurrent train-track 
r and an open set 17 C {A G A4£(S)|A -< r} with ^Thu(b^) > 0 and 
TThu{dU) = 0 and such that the following holds: 

(*) IfX C {7 G A1 £z(5])|7 -< t} is a non-empty TT-invariant 
set of simple multicurves carried by r then there is a > 0 
with ^ 

lim -^|Xn L • 17| = a • fJ-ThniU), 

L —^00 Ij 
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where F-r = {0 G Map(S)|(/)(r) -< r}. 

Let T = Ta,i 3 be a standard maximal train-track in the once punctured 
torus. As discussed earlier, identify the set of all simple multicurves carried 
by r with and the semi-group F,- with SL 2 N in such a way that the 
action of (p on curves carried by r corresponds to the action by matrix 
multiplication. In particular, we can identify the F,—invariant set I with an 
SL 2 N-invariant set X C N^. Moreover, the identification {7 G AiCz \ 7 ^ 
r} = extends to an identification 

{Ag>1£(Ti,i) I A^r}=M^ 

in such a way that scaling by positive reals is preserved. It follows that for 
[/ C {A G I A ^ r} = 


open one has 


■^\xriL-u\ = ^|xnL-[/| 


where the left is computed in M.C{Ti^i) and the right is computed 


m 


1.3 


we get that, when working in the limit lim^^^oo 7 ^|Fn 


From Theorem 

L ■ U\ exists and hence (*) holds. We have proved that the limit 


exists. Moreover, it follows from Proposition 4.1 that 


'10 


^70 ' /^Thu 


for some C. 


70 


-. Applying Proposition 4.3 to the Liouville current As 


we get that 

|{7 e ^.^014-^2,7) < L}\ 


lim 

Ij —^00 


X2 


= C-fg ■ /iThu({A G A4£(S)|t(As, A) < 1}). 


The claim follows since t(As, •) = f's(')- 


□ 


In fact, using either the arguments in the proof of Theorem [13 or the 
combination of Theorem 1.1 and Corollary |4.4t note that the claim of The¬ 
orem o holds true in much more generality: 

Corollary 5.1. Let T, be a complete hyperbolic surface of finite volume and 
homeomorphic to a once punctured torus and let 'Jq G T, be a multicurve. 
The limit (1.3) exists and moreover we have 

|{7 e ‘5T,Ji(Ao,7) < L}\ 


lim 

L^OO 


L2 


= • mu({A G M£(S)|i(Ao, A) < 1}) 


for every filling current Aq G C(S). 


□ 


It follows in particular that Theorem 1.1 also holds for instance if we 
replace hyperbolic length by length with respect to a metric with pinched 
negative curvature. 

It remains to prove Theorem 1.3 which we devote the next section to. 
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5.4. Densities of SL 2 N-invariant sets in N^. The semigroup SL 2 N is 
the free semigroup generated by the two matrices 


(5.4) 


1 1 
0 1 


1 0 
1 1 


In this section we consider the action of SL 2 N on C (0,oo)^. Note that 
this action is free. Note also that the inverses of the matrices in (5.4) are 
the matrices 


1 -1 

0 1 


1 0 

-1 1 


It follows that 


G belongs to the SL 2 N-orbit of 


«o 

bo 


if and only 


if while running the euclidean algorithm step by step beginning with 


one passes by 


Oo 


. In particular, the SL 2 N-orbit of 


is exactly 


the set of positive integer vectors whose entries are prime to each other: 


(5.5) 


SL2N 


G 


gcd(a, 6) = 1 


It is well-known that this set has a density: 


(5.6) 


lim ^ 
L—¥00 Jj 


SL2N 


r\L-u 


= —^ voi(c/ n ( 0 , 00 )^) 


TT^ 


for every set 17 C bounded by a rectifiable Jordan curve. Here vol stands 
for the standard volume in and ^ = C(2) is famously the value of the 
Riemann zeta function Q{s) = at s = 2. 

As a first step towards the proof of Theorem 1.3 we prove a generalization 
of (5.6). 


Proposition 5.2. The set Sp^q = SL 2 N 
In fact, 


P 


has a density for allp, q G N. 


(5.7) 


1 


lim ^ISp „ n L • 171 = —— vol(U H (0, 00 ) ) 

L^oo TT^pq 


for every set U <Z hounded by a rectifiable Jordan curve. Moreover, we 
have that 

iJ 

G Sp^q X + y < L\ < 


2pq 


for all L. 


Proof. We deduce the existence of the density from a beautiful theorem of 
Maucourant m- Consider SL 2 N as a subset of the vector space M 2 , 2 (K) of 
2-by-2 real matrices and recall that SL 2 N is exactly the intersection of SL 2 Z 
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with the set of matrices in M 2,2 (IK) all of whose entries are non-negative. 
For all L > 0, consider the measure 

AeSLa N 


on M 2 2 (IK) where Sx is the Dirac probability measure centered at x. From 
m we obtain that when L tends to 00 the sequence of measures converges 
to some measure u on M 2,2 (IK). Although we will not need this fact, we 
remark that the measure u is given explicitly in HH p. 361]. 

Anyways, consider the map 

P : M2,2 (IK) 

and notice that for all U C we have that 

(5.8) ^\Sp,gnL-U\ = {P,UL){U) 
where P* is the push-forward of the measure ul under P. It follows that 

(5.9) lim n L • PI = (P.u)(P) 

L^oo 


A 


for any open set U with {P^,v){U \ P) = 0. Moreover, from (5.8) and (5.9) 


we get that P*u(P) is bounded from above by vol(P). It follows that is 
absolutely continuous with respect to the Lebesgue measure and hence that 


(5.9) holds for all sets bounded by rectifiable Jordan curves. 


Now, the measure is by construction invariant under the action of 
SL 2 N on (0, 00 )^. More concretely, this means that for any A G SL 2 N and 
P C (0,oo)^ we have that P^i'{AU) = P*u(P). Moreover, the measure P*u 
has the same scaling behavior as Lebesgue measure, meaning that for P as 
above and L G IK"'' one has P*u(L-P) = L^-P*u(P). Up to scaling, Lebesgue 
measure is the only measure in the Lebesgue class with this behavior. Hence 
there is a constant c with P*u(-) = c • vol(-) and thus 

lim n P • P| = c • vol(P n (0, 00 )^) 

L->-oo 


for every P bounded by a rectifiable Jordan curve. To conclude the proof of 
we need to show that c = To see this, let a, 6 > 0 and consider 

the triangle 



Note that 


A 


a,b — 


X 

y 


G (0,oo)^ 


(a, 6) 




G P • Ai,i 



G P • ^p,q 
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where A G SL 2 N and A* is the transpose of A. Since SL 2 N is invariant 
under taking transposes we deduce that 


(5.10) 


A 


G L • A 


1,1 


^ G SL 2 N 


A 


G L • A 


P,<3 


A G SL 2 N 


for all L > 0. From (5.5) and (5.6|) we obtain that 
A f ! ^ G L • A. 


1 


lim 

Z/—^CXD Xj 




A G SL 2 N 


= VOl(Ap,g) = - 


1 6 


TT- 


2 


and when combining this with (5.10|) it follows that 

'a( Mgl-a 


1 


lim 

L —^00 1^ 


1,1 


^ G SL 2 N 


n'^pq 


vol(A 


1,1 


which proves that c = , as we wanted. We have established (5.7). 

The final claim in Proposition 5.2 follows from (5.10) together with the 
observation that (L-Ap^q)nN^ has at most cardinality vol(L-Ap^g) = □ 

Armed with Proposition |5.2| we are ready to prove Theorem |1.3[ 

Proof of Theorem \1.3\ Recall that the semigroup SL 2 N acts freely on N^. 

/ p ' 

Moreover, because SL 2 N is a free semigroup, two orbits Sp^q = SL 2 ^ ^ 

and Sr^s = SL 2 N ^ ^ ^ intersect if and only if one orbit is contained in the 

other. It follows that any invariant set I can be written in a unique way as 
the disjoint union of a set O of orbits 

I = |_| Sp^q 

{p,qY&0 

where the superscript * denotes, as always, the transpose. Note that the 
infinite sum 

E ^ 

TT^pq 

(p,<?) eo 

exists because it is bounded from above by 1 and all its summands are 
positive. We claim that for any U C (0, 00 )^ with rectifiable boundary we 
have 

lim —t|X n L • 17| = A vol(C/). 

L —^CXD Xj 

Since the orbits Sp^q are pairwise disjoint, the claim follows directly from 
Proposition 5.2 if the set O is hnite. In particular, one has that 


(5.11) liminf E|XnL-t/| > 

L —^00 L 


6 


V 


vol(JJ) 
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for any finite subset O' C O. Note that for any e we can find a finite set O' 
such that \iV = 0\0' \s its complement we have 

6 


(5.12) 


E 

ip,qyeP 


ir'^pq 


< e. 


The claim will follow then from (5.11) if we show that for any U C (0, 1)^ 
as above and set "P C O satisfying (5.12) we have 


lim sup —j 

L^oo ^ 



Sp,,\nL-u 


<cu ■ e 


for some constant cjj depending on U. In fact, letting (.jj be such that 
U C ijj ' ^ 1,1 we will prove that cu = does the trick - here Ai^i is as in 
the proof of Proposition 5.2 For any such U we get that 


( u s,,,)nL.c 

< 

( 1_| ^p.q j n L • £[/ • Ai^ 

\{p,qY&V ) 


\(p,g)‘6F / 



< 


E 


^ t2 


E 


6 




< L^cue 


{p,qY&'P {p,qy&P 

Having established the bound we needed, we have proved Theorem |1.3[ □ 


The reader might wonder if one really needed to say anything justifying 
that the density of a disjoint union of set is the sum of the densities of the 
individual sets. Well, this statement is in fact not true in general: in general 
every countable set is the countable union of singletons, which obviously 


have density 0. In other words, the last claim of Proposition 5.2 actually 


plays a central role in the proof of Theorem 1.3 
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